THETA CORRESPONDENCES FOR GSp(4) 
WEE TECK GAN AND SHUICHIRO TAKEDA 



Abstract. We explicitly determine the theta correspondences for GSp 4 and orthogonal similitude 
groups associated to various quadratic spaces of rank 4 and 6. The results are needed in our proof 
of the local Langlands correspondence for GSp 4 ( |GT1| ). 



1. Introduction 

This is a companion paper to |GTlj , in which we proved the local Langlands conjecture for GSp 4 over 
a non-archimedean local field F of characteristic zero and residue characteristic p. The results of [GT1 
depended on a study of the theta correspondences between GSp 4 and the three orthogonal similitude 
groups in the following diagram: 

GS0 3 , 3 

GSp 4 

C«S( ) i.o 6802,2 • 

For example, one of the results needed in |GT1| is that every irreducible representation of GSp 4 (F) 
participates in theta correspondence with exactly one of 0804,0 or GSO3.3. This dichotomy follows from 
a fundamental result of Kudla-Rallis [KR] (which we recall below) for a large class of representations of 
GSp 4 (F), but to take care of the remaining representations, the results of [KR] needs to be supplemented 
by the results of this paper. Moreover, the complete determination of the above theta correspondences 
serves to make the Langlands parametrization for non-supercuspidal representations completely explicit 
and transparent. 

To state a sample result in the introduction, let us note that the orthogonal similitude groups mentioned 
above are closely related to the groups GL2 and GL4. Indeed, one has: 

GS0 2 , 2 = (GL 2 x GL 2 )/{(z,z- 1 ) : z e GL X } 
GS0 4 ,o = {D x x D x )/{{z,z- r ) : z 6 GLJ 
GS0 3 , 3 = (GL 4 x GLi)/{(z, z- 2 ) : z E GLi} 

where D is the quaternion division algebra over F. Via these isomorphisms, an irreducible representation 
of GS0 2 ,2(F) (rcsp. GS04 iU (F)) has the form t\ IE t 2 where t\ and r 2 are representations of GL 2 (F) 
(resp. D x ) with the same central characters. Similarly, an irreducible representation of GS03 ! 3(F) has 
the form EE 153 /x with II is a representation of GL 4 (F) with central character wn = ■ 

For a reductive group G over F, we write 11(G) for the set of isomorphism classes of irreducible smooth 
representations of G(F). Now one of the results we show is the following theorem, which was stated in 
pTTl Thm. 5.6]. 



2 



WEE TECK GAN AND SHUICHIRO TAKEDA 



Theorem 1.1. (i) The theta correspondence for GSO(-D) x GSp 4 defines a bijection 

n(GSO 4 , )/ ~ <— ► n(GS P4 )^, 

where ~ is the equivalence relation defined by the action of GO^o(F) on IT^GSO^o) and 

n(GSp 4 )^ e g mp := {non-generic essentially tempered representations o/GSp 4 (-F)}. 

Moreover, the image of the subset of M 's, with ^ , is precisely the subset of non-generic 
supercuspidal representations o/GSp 4 (i 7 '). The other representations in the image are the non-discrete 
series representations in Table 1, NDS(c). 

(ii) The theta correspondence for GS0 2 , 2 X GSp 4 defines an injection 

n(GS0 2 ^ 2 )/ ► n(GS P4 ). 

The image is disjoint from II(GSp 4 )^ e g mp and consists of: 

(a) the generic discrete series representations (including supercuspidal ones) whose standard L-f actor 
L(s, it, std) has a pole at s = 0. 

(b) the non-discrete series representations in [Table 1, NDS(b, d,e)]. 

Moreover, the images of the representations T\ M t 2 's, with t\ ^ t 2 discrete series representations of 
GL 2 (_F), are precisely the representations in (a). 

(Hi) The theta correspondence for GSp 4 x GS03 : 3 defines an injection 

n(GSp 4 ) \ n(GS P4 )^ mp — ► n(GS0 3 , 3 ) c n(GL 4 ) x n(GLi). 

Moreover, the representations of GSp^F) not accounted for by (i) and (ii) above are 

(a) the generic discrete series representations it whose standard factor L(s,ir, std) is holomorphic at 
s = 0. The images of these representations under the above map are precisely the discrete series 
representations IIKI/i o/GL 4 (F) x GLi(F) such that L(s, /\ 2 <f>u <§D/i -1 ) has a pole at s — 0. Here, 
(f>u is the L-parameter ofH. 

(b) the non-discrete series representations in [Table 1, NDS(a)]. The images of these under the above 
map consists of non-discrete series representations II H p such that 

4>u — P® P ■ X an d P — det p ■ X, 

for an irreducible two dimensional p and a character \ 7^ 1 ■ 

(iv) If a representation 7r of GSp 4 (-F) participates in theta correspondence with GSO(V 2 ), so that 

7 r = 6(T 1 ®T 2 ) =6»(r 2 Hr 1 ), 

then 7r has a nonzero theta lift to GSO3.3. //II K/i is the small theta lift of n to GSO^^^F) , with II a 
representation ofGL^F), then 

0n = 4>ti © 4>t 2 an d p — ^>tt — det <f> Tl = det 4> T2 . 

Indeed, our main results give much more complete and explicit information than the above theorem. 
In particular, we take note of Thms. 18.11 18.21 and 18.31 Cors. 112.21 and 112.31 as well as Props. 113.11 and 

MM 
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2. Similitude Theta Correspondences 

In this section, we shall describe some basic properties of the theta correspondence for similitude 
groups. The definitive reference for this subject matter is the paper [Rolj of B. Roberts. However, the 
results of [Rol arc not sufficient for our purposes and need to be somewhat extended. 

Consider the dual pair 0(V) x Sp(I-F); for simplicity, we assume that dimF is even. For each non- 
trivial additive character ip, let u^, be the Weil representation for 0(V) x Sp(VF), which can be described 
as follows. Fix a Witt decomposition W = X © Y and let P(Y) = GL(Y) ■ N(Y) be the parabolic 
subgroup stabilizing the maximal isotropic subspace Y. Then 

N(Y) = {be Hom(X, Y);b t = b}, 

where 6* £ Hom(Y*,X*) = Hom(X,Y). The Weil representation oty can be realized on S(X <£> V) and 
the action of P(Y) x 0(V) is given by the usual formulas: 

u^(h)<j)(x) = (j)(h- 1 x), for h e 0{V); 

u^(a)tff(x) = X v(det Y (a)) ■ \ dety(a)|^ dimy ■ ^a" 1 • a:), for a g GL(Y); 
uty(&)0(a;) = ip((bx,x)) ■ 4>(x), for b g N(Y), 

where xv is the quadratic character associated to discF E ^xy^x2 an j (— } —) is the natural symplectic 
form on W ® V. To describe the full action of Sp(W / ), one needs to specify the action of a Weyl group 
element, which acts by a Fourier transform. 

If 7r is an irreducible representation of O(V) (resp. Sp(W)), the maximal 7r-isotypic quotient has the 
form 

for some smooth representation of Sp(W) (resp. 0(V)). We call 0^(7r) the big theta lift of tt. It is known 
that 0^,(71") is of finite length and hence is admissible. Let 9^(tt) be the maximal semisimple quotient of 
®^(tt); we call it the small theta lift of tt. Then it was a conjecture of Howe that 

• &t/>(7r) is irreducible whenever Q^(tt) is non-zero. 

• the map tt h- > 9^,{tt) is injective on its domain. 

This has been proved by Waldspurger when the residual characteristic p of F is not 2 and can be checked 
in many low-rank cases, regardless of the residual characteristic of F. If the Howe conjecture is true in 
general, our treatment for the rest of the paper can be somewhat simplified. However, because we would 
like to include the case p = 2 in our discussion, we shall refrain from assuming Howe's conjecture in this 
paper. 

With this in mind, we take note of the following result which was shown by Kudla [K] for any residual 
characteristic p: 

Proposition 2.1. (i) If tt is super cuspidal, O^(tt) — 6^{tt) is irreducible or zero. 

(ii) If dip(7Ti) — 0^(tt2) ^ for two supercuspidal representations tt\ and tti, then tt\ = tt2- 

One of the main purposes of this section is to extend this result of Kudla to the case of similitude groups. 

Let Xy and Xw be the similitude factors of GO(V^) and GSp(W / ) respectively. We shall consider the 
group 

R = GO(V) x GS P (W0+ 
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where GSp(W) + is the subgroup of GSp(VF) consisting of elements g such that Xw(g) is in the image of 
Ay. In fact, for the cases of interest in this paper (see the next section), Ay is surjective, in which case 
GSp(JF)+ = GSp(VK). 

The group R contains the subgroup 

Ro = {{Kg) 6 R : \ v (h) ■ \ w {g) = 1}- 

The Weil representation uty, extends naturally to the group Rq via 

u^{g, h)<j> = \\ v (h)\-i di ™ v ' dimV M.9i, l){<f> o h- 1 ) 

where 

Note that this differs from the normalization used in [Rol]. Observe in particular that the central elements 
£ i?o act by the quadratic character xv(t) d '™ W ■ 

Now consider the (compactly) induced representation 

As a representation of R, depends only on the orbit of tp under the evident action of Im Ay cF x . For 
example, if Ay is surjective, then fi is independent of ip. For any irreducible representation ir of GO(V) 
(resp. GSp(T / F) + ), the maximal 7r-isotypic quotient of f2 has the form 

7r <g> Q(ir) 

where Q(w) is some smooth representation of GSp(VF) + (resp. GO(V)). Further, we let 9(ir) be the 
maximal semisimple quotient of 0(n). Note that though Q(n) may be reducible, it has a central character 
given by 

dim W 

we(7r) = Xv 2 ' u t- 

The extended Howe conjecture for similitudes says that 9(tt) is irreducible whenever 8(71") is non-zero, 
and the map n i-> 9(n) is injective on its domain. It was shown by Roberts [Rol] that this follows from 
the Howe conjecture for isometry groups, and thus holds if p ^ 2. 

In any case, we have the following lemma which relates the theta correspondence for isometries and 
similitudes; the proof is given in [GT1, Lemma 2.2]. 

Lemma 2.2. (i) Suppose that ir is an irreducible representation of a similitude group and t is a con- 
stituent of the restriction of n to the isometry group. Then 9^{t) ^ implies that 9(ir) ^ 0. 

(ii) Suppose that 

Hom 7? (fi,7ri B7r 2 ) ^ 0. 

Suppose further that for each constituent n in the restriction of tt\ to O(V), 9^{t\) is irreducible and the 
map r\ i-> 9^{ti) is injective on the set of irreducible constituents ofni\o(v)- Then there is a uniquely 
determined bisection 

f : {irreducible summands of TT\\o(v)} — > {irreducible summands of 7r 2 |s p (iy)} 
such that for any irreducible summand tj in the restriction of tti to the relevant isometry group, 

t 2 = f(n) Homof^xspfvy)^' 1 "! Ht 2) ^ 0. 
One has the analogous statement with the roles of 0(V) and Sp(W) exchanged. 
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(Hi) If it is a representation of GO(V) (resp. GSp(W) + ) and the restriction of it to the relevant isometry 
group is ®%Ti, then as representations of Sp(W) (resp. 0(V)), 

8W~0e*(r,). 

i 

In particular, 0(tt) is admissible of finite length. Moreover, if &ip(T{) = O^fc) for each i, then 

6(7r) =0(tt). 

In addition, we have [GT1, Prop. 2.3]: 

Proposition 2.3. Suppose that 7r is a supercuspidal representation of GO {V) (resp. GSp(W / ) + y ). Then 
we have: 

(i) 0(71") is either zero or is an irreducible representation of GS~p(W) + (resp. GO(V)j. 

(ii) If 7r' is another supercuspidal representation such that 0(tt') = Q(n) ^ 0, then n' = n. 

We now specialize to the cases of interest in this paper. Henceforth, we shall only consider the case 
when dim W = 4, so that 

GSp(VK) £* GSp 4 (F). 

Moreover, we shall only consider quadratic spaces V with dimV^ = 4 or 6. We describe these quadratic 
spaces in greater detail. 

Let D be a (possibly split) quaternion algebra over F and let Nd be its reduced norm. Then (£),Nd) 
is a rank 4 quadratic space. We have an isomorphism 

GSO(ANd) {D x x £>*)/{(«, aT 1 ) : z £ GLi} 

via the action of the latter on D given by 

(a, f3) H> ax/3. 

Moreover, an element of GO(D,Nd) of determinant —1 is given by the conjugation action c : x <— > x on 
D. We have: 

'gS0 2 , 2 (F) if D is split; 
^GS0 4 ,o(^) if Dis non-split. 
The similitude character of GSO(D) is given by 

X D : (a,(3)^N D (a-(3), 

which is surjective onto F x . Since A_d is surjective, we have GSp(M / ) + = GSp 4 (W^) and the induced Weil 
representation is a representation of GO(D) x GSp(W). The investigation of the theta correspondence 
for these dual pairs has been initiated by B. Roberts [Ro2]. In Thm. 18.21 and Thm. 18.11 below, we shall 
complete the study initiated in [Ro2] by giving an explicit determination of the theta correspondence. 

Now consider the rank 6 quadratic space: 

(V D ,q D ) = (ANu)©H 

where H is the hyperbolic plane. Then one has an isomorphism 

GSO(Vd) S (GL 2 (D) x GLi)/{(z • Id, z- 2 ) : z e GLi}. 

To see this, note that the quadratic space Vb can also be described as the space of 2 x 2-Hermitian 
matrices with entries in D, so that a typical element has the form 

la x \ 

(a, d; x) = ( _ ^ ) , a,d G F and x E D, 



GSO(D) = 



x 
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equipped with the quadratic form — det(a, d; x) = —ad + Nd(i). The action of GL2(D) x GLi on this 
space is given by 

(g,z)(X) = z-g-X-g t . 
The similitude factor of GSO(Vd) is given by 

X D (g,z) = N(g)-z 2 , 
where N is the reduced norm on the central simple algebra M2(D). Thus, 

SO(Vd) = {(.9, z) e GSO(Vb) : N(g) ■ z 2 = 1}. 

In this paper, we only need to consider Vu when D is split. Thus, we shall suppress D from the 
notations, so that from now on throughout this paper, V denotes the 6 dimensional split quadratic space, 
i.e. 

V = H © H ffi H and GSO(V) = GS0 3 , 3 ■ 

Moreover, since Ay is surjective, we have GSp(VF) + = GSp(W), so that the induced Weil representation 
f2 is a representation of R = GSp(W) x GO(V). We shall only consider the theta correspondence for 
GSp(VK) x GSO(V). There is no significant loss in restricting to GSO(V) because of the following lemma: 

Lemma 2.4. Let ir (resp. t) be an irreducible representation of GSp(W) (resp. GO(V)) and suppose 
that 

Hom GSp(M /)xGO(y)(^,7r ® t) t^O. 

Then t is irreducible as a representation o/GSO(V). If vo — \y 3 • det is the unique non-trivial quadratic 
character of GO(V) / GSO(V), then t®v$ does not participate in the theta correspondence with GSp(PF). 

Proof. First note that r is irreducible when restricted to GSO(V) if and only if r ® v$ ^ r. By a well- 
known result of Rallis [R, Appendix] (see also [Prl, §5, Pg. 282]), the lemma holds in the setting of 
isometry groups. Suppose that t\q(v) = Then this result of Rallis implies that Tj is irreducible 

when restricted to SO(F), so that Ti®v$ ^ r», and Ti®v$ does not participate in the theta correspondence 
with Sp(W). This implies that t ® Co / t and r £g> isq does not participate in the theta correspondence 
with GSp(W^). □ 

Proposition 12. 31 and the above lemma imply: 

Corollary 2.5. If n is a supercuspidal representation of GSp 4 (i ? ) and 0(tt) is nonzero, then 6{tt) is 
irreducible as a representation of GSO(V). Moreover, if 6{tt) — 9(tt') as a representation of GSO(V) for 
some other supercuspidal 7r', then n = tt'. 

If p ^ 2, then the above corollary would hold for any irreducible representation 7r because one knows 
that Howe conjecture for isometry groups. 

A study of the local theta correspondence for GSp 4 x GSOs^ was undertaken in [W] and [GT2]. In 
Thm [5T51 below, we give a complete determination of this theta correspondence. 
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3. A Result of Kudla-Rallis 

In this section, we recall a fundamental general result of Kudla-Rallis [KR] before specializing it to 
the cases of interest in this paper. 

Let W n be the 2n-dimensional symplectic vector space with associated symplectic group Sp(Wn) and 
consider the two towers of orthogonal groups attached to the quadratic spaces with trivial discriminant. 
More precisely, let 

V m = W n and V* = D © H m ~ 2 

and denote the orthogonal groups by 0(V m ) and 0(V^f ) respectively. For an irreducible representation 
7T of Sp(W / rt ), one may consider the theta lifts 8 m (ir) and 6>#("7r) to 0(V m ) and 0(V#) respectively (with 
respect to a fixed non-trivial additive character ip). Set 

m{w) = inf{m : 6 m (ir) ^ 0}; 
m*(n) = inf{m : 8#(n) ^ 0}. 

Then Kudla and Rallis [KR| Thms. 3.8 & 3.9] showed: 
Theorem 3.1. (i) For any irreducible representation n of Sp(W n ) , 

to(tt) + m # (7r) > 2n + 2. 

(ii) If 7r is a supercuspidal representation ofSp(W n ), then 

to(tt) + m # (7r) = 2n + 2. 

If we specialize this result to the case dim W n — 4 , we obtain: 

Theorem 3.2. (i) Let 7r be an irreducible supercuspidal representation o/GSp 4 (i ? ). Then one has the 
following two mutually exclusive possibilities: 

(A) 7T participates in the theta correspondence with GSO(D) = GSO^c^-F), inhere D is non-split; 

(B) 7T participates in the theta correspondence with GSO(T^) = GSO^^{F). 

One of the purposes of this paper is to extend the dichotomy of this theorem to all irreducible represen- 
tations of GSp 4 (F). Moreover, our main results make this dichotomy completely explicit. For example, 
we will see that the supercuspidal representations of Type (A) are precisely those which are non-generic. 

On the other hand, one may consider the mirror situation, where one fixes an irreducible representation 
of 0{V m ) or 0(V^f ) and consider its theta lifts 0„(7r) to the tower of symplectic groups Sp(W„). Then, 
with n(jr) defined in the analogous fashion, one expects that 

n(Tr) + n(ir ® det) = 2m. 

For similitude groups, this implies that 

n(jr) + n(n ® v$) = 2m, 

where z/ is the non-trivial character of GO(V m )/ GSO(V^ n ). When m = 2, this expectation has been 
proved by B. Roberts [Ro2, Thm. 7.8 and Cor. 7.9] as follows: 

Theorem 3.3. Let n be an irreducible representation of GO(D) , where D is possibly split. Then 

n(ir) + n(n (g) v$) = 4. 
In particular, if 7r — n ® Vq , then n(ir) = 2. 
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4. Whittaker Modules of Weil Representations 

In this section, we describe the Whittaker modules of the Weil representations Qw,d and Qw,v, with 
dimT'F = 4. We omit the proofs since they are by-now-standard; see for example [GT2 Prop. 7.4] and 
[MS, Prop. 4.1]. 

Proposition 4.1. Let D be a (possibly split) quaternion algebra over F and consider the Weil represen- 
tation VLd,w of GO (D) x GSp(I4 7 ). Let U be the unipotent radical of a Borel subgroup of GSp(VF) and 
let ip be a generic character of U(F). Similarly, let Uo be the unipotent radical of a Borel subgroup of 
GO(-D) when D is split, and let ipo be a generic character of Uq(F). Then we have: 

if D is non-split, and 

(liD,w)u^ = md Uo 'ip Q 

if D is split. 

Corollary 4.2. (i) If D is non-split, then no generic representation of GSp(W) participates in theta 
correspondence with GO(D). 

(ii) Let 7r be an irreducible generic representation of GO (V2) = GS02,2(-F)- Then n is generic if and 
only if Qv 2 ,w{' K ) contains a generic constituent, in which case this generic constituent is unique. 

Proposition 4.3. Consider the Weil representation Qw,v of GSp(W) x GSO(V). Let U be the unipotent 
radical of a Borel subgroup of GSp(14 7 ) and let tp be a generic character ofU(F). Similarly, let Uq be the 
unipotent radical of a Borel subgroup of GO(V^), and let rpo be a generic character of Uq(F). Then we 
have 

(ttw,v)u ,4> = indy Sp( - W) ip. 

Corollary 4.4. Let n be an irreducible representation of GSp(W). Then n is generic if and only if 
Qw,v(Tt) contains a generic constituent, in which case this generic constituent is unique. 

Corollaries I4.2l i) and 14.41 imply: 
Corollary 4.5. The dichotomy result of Theorem ] 3. HH holds for generic representations ofGSj>(W). 

5. Representations of GSp 4 (F) 

In order to state our main results, we need to introduce some notations and recall some results about 
various principal series representations of GSp 4 (F). In the following, by the term "discrete series" or 
"tempered" representations of GSp(W^) = GSp 4 (i ;l ) or GSO(V^) = GS03^(F), we mean a representation 
which is unitarizable discrete series or unitarizable tempered after twisting by a 1-dimensional character. 

5.1. Principal series representations. Recall from Section [5] that we have a Witt decomposition 
W = Y* © Y. Suppose that 

Y* = F ■ ei © F ■ e 2 and Y = F ■ f t ®F ■ f 2 

and consider the decomposition W = Fe x © W' © Ffi, where W' = (e 2 , / 2 ). Let Q(Z) = L{Z) ■ U{Z) be 
the maximal parabolic stabilizing the line Z = F ■ f\ , so that 

L(Z) = GL(Z) x GSp(lT) 
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and U (Z) is a Heisenberg group: 

1 > Sym 2 Z > U{Z) > W'®Z > 1. 

This is typically called the Klingen parabolic subgroup in the literature. A representation of L(Z) is 
thus of the form \ M r where r is a representation of GSp(VF') = GL 2 (F). We let Iqiz){X-> t ) be the 
corresponding parabolically induced representation. If Iq(z)(Xt t ) is a standard module, then it has a 
unique irreducible quotient (the Langlands quotient), which we shall denote by Jq(z){Xt t )- The same 
notation applies to other principal series representations to be introduced later. 

The module structure of Iq(z){x> t ) is known by Sally- Tadic [ST] and a convenient reference is [RS]. 
In particular, we note the following: 

Lemma 5.1. (a) Letr be a supercuspidal representation of GL 2 {F) . The induced representation Iq(z)(x> t ) 
is reducible iff one of the following holds: 

(i) x = 1; 

(ii) x = Xo\ ~ \ ±X and xo is a non-trivial quadratic character such that r ® xo — t. 

In case (i), the representation Iq(z)(1,t) is the direct sum of two irreducible tempered representations, 
exactly one of which is generic. In case (ii), assuming without loss of generality that x = Xo • I — \, °ne 
has a (non-split) short exact sequence: 

► St(xo,T ) > I Q (z){xo\ - \,t \ - T 1/2 ) ► Sp(xo,T ) > 

where St(xo,ro) is a generic discrete series representation and the Langlands quotient Sp(xo,i~o) is non- 
generic. 

(b) If t is the twisted Steinberg representation of GL 2; then Iq(z)(x, t ) is reducible iff one of the 
following holds: 

(i) x = i; 

(ii) x - I - | ±2 

In case (i), lQt z \(l,st x ) is the sum of two irreducible tempered representations, exactly one of which 
is generic. In case (ii), Iq(z){\ — | 2 , si x • | — has the twisted Steinberg representation S'tpGSp 4 ® X as 
its unique irreducible submodule. 

(c) For general t, there is a standard intertwining operator 

^q(z)(x _1 ,t®x) — > Iq(z)(x,t), 

which is an isomorphism if Iq(z){Xi t ) is irreducible. If Iq(z){x~ 1 i T ® X) is a standard module, then the 
image of this operator is the unique irreducible submodule of Iq(z){X-> t )- 

Now let P(Y) = M(Y) ■ N(Y) be the Siegel parabolic subgroup stabilizing Y so that 

M(Y) = GL(Y) x GLx 

and N(Y) = Sym 2 Y. A representation of M{Y) is thus of the form r M x with r a representation of 
GL(F) = GL 2 (F) and x a character of GLi(F). We denote the normalized induced representation by 
ip(y)(r, x)- As before, the module structure of Ip(y)(t,x) 1S completely known [ST] and a convenient 
reference is [RS]. In particular, we note the following: 
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Lemma 5.2. (a) Suppose that r is a supercuspidal representation ofGL(Y) = GL2(-F). Then Ip(Y)( T , t 1 ) 
is reducible iff t = | — | ±x / 2 • t with r having trivial central character. In this case, one has a non-split 
short exact sequence: 

► St(r ,Mo) ► Ip ( y)(ToM 1/2 ^o|-r 1/2 ) > Spiro^o) ► 

where St(ro,fj,o) is a generic discrete series representation and the Langlands quotient Sp(ra,fj,a) is non- 
generic. 

(b) Suppose that r is a twisted Steinberg representation of GL(Y). Then Ip(Y){ T i /*) * s reducible iff 
one of the following holds: 

(i) t = st • | — | ±:L / 2 ; in this case, Ipry)(st\ — \ x / 2 ,pi) has a unique irreducible Langlands quotient and 
a unique irreducible tempered submodule, which is the generic summand of Iqiz)0-i s ^/i • I — I )■ 

(ii) T = st x ■ | - | ±1/2 , with X a non-trivial quadratic character. In this case, the representation 
Ip(Y)( s ~tx\ ~~ | 1 ^ 2 , A*o | ~~ I J ^ 2 ) has a unique irreducible Langlands quotient and a unique irreducible sub- 
module which is a generic discrete series representation St(st x , fj^f). Moreover, St(st x , /io) = St(st x , XMo)- 

(Hi) t = st ■ | — | ±3 / 2 ; in this case, Ip(Y)(st\ — \ 3 ^ 2 , lA — l~ 3 ^ 2 ) has the twisted Steinberg representation 
StpQSp 4 ®/i os its unique irreducible submodule. 

(c) There is a standard intertwining operator 

which is an isomorphism if Ipty) m) * s irreducible. If 7p(y)(r, /i) is a standard module, then the image 
of this operator is the unique irreducible submodule o//p(y)(r v ,w T ^). 

Finally, let B = P{Y) n Q(Z) = T • U be a Borel subgroup of GSp(W), so that 

T = (GL(F • fx) x GL(F • / 2 )) x GLi . 

In particular, for characters xit X2 and X °f GL 1 (i* 1 ), we let Ib(xij X2; x) denote the normalized induced 
representation. Again, we refer the reader to [RS] for the reducibility points and module structure of 
Jb(Xi, Xi'i x)- We simply note here that if xi an d Xi are unitary, then 1b(xi>X2)X) is irreducible. 

5.2. Non-Supercuspidal Representations. We can now give a concise enumeration of the non-supercuspidal 
representations of GSp 4 (-F). 

5.2.1. Discrete Series Representations. The non-supercuspidal discrete series representations of GSp 4 (F) 
are precisely the following representations: 

(a) the generalized Steinberg representation St(x> t) of Lemma 15 . 1 \ a) (ii) . with r supercuspidal and 
X a non-trivial quadratic character such that r ® x — t; 

(b) the generalized Steinberg representation St(r,fi) of Lemma l5.2f a) and (b)(ii), so that t is a 
discrete series representation of PGL2 and r ^ st. 

(c) the twisted Steinberg representation StpQSp^ <8> X of Lemma l5TTT b) (ii) and Lemma E2Ib) (hi). 
All these representations are generic. 

5.2.2. Non-Discrete Series Representations. Now we consider non-discrete series representations. 
Every tempered representation is a constituent of a twist of an induced representation Ip(r) with r a 
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unitary discrete series representation. Such an induced representation is irreducible (and thus generic) 
except in the setting of Lemma l5.1f a)(i) and (b)(i). In this exceptional case, for a discrete series repre- 
sentation t of GSp(W') = GL 2 (F), we have: 

where 7Tg en (r) is generic and 7r nff (r) is non-generic. 

Suppose now that it is an irreducible non-tempered representation of GSp 4 (i 7 '). By the Langlands 
classification, there is a unique standard representation Ip(cr) (with a essentially tempered) which has 
7r as its unique irreducible quotient. In fact, it will be more convenient for us to make use of the dual 
version of Langlands classification, so that n is the unique submodule of Ip(o~), for an essentially tempered 
representation a whose central character is in the relevant negative Weyl chamber. Note that since the 
Levi subgroups of GSp 4 are all of GL-type, any essentially tempered representation of a Levi subgroup 
of GSp 4 (i 7 ') is fully induced from a twist of a discrete series representation. 

Summarizing the above discussions, we have: 

Proposition 5.3. The non- discrete series representations o/GSp 4 (-F) fall into the following three disjoint 
families: 

(a) 7r c — >■ Iq(z)(x\ — I S j t ) with \ a unitary character, s > and r a discrete series representation 
of GSj>(W) up to twist. In fact, 7r is the unique irreducible submodule, except in the exceptional 
tempered case mentioned above (with x trivial and s = 0). 

(b) 7r Ipry){T\ — \~ s ,x) with X an arbitrary character, s > and r a unitary discrete series 
representation ofGL(Y). In this case, 7r is the unique irreducible submodule. 

(c) 7r ^-s> Ib(xi\ ~ |~ Sl ,X2 ^ |~ S2 ;x) where xi and X2 are unitary and si > S2 > 0. By induction in 
stages, we see that 

Ib(Xi\ - r s \X2\ - \- S2 ;x) = I Q{Z )(Xi\ ~ r s \Axx2\ - r s2 ,x))- 

We may now consider two subcases: 

(i) if X2\ — |~ S2 7^ | — | } then Tt(xX2\ ~ |~ S2 iX) is irreducible and we have: 

k<^Iq(z)(xi\ ~ r si ,7r(xX2| - r s2 ,x)) 

as the unique irreducible submodule. 

(ii) ifx2\~ \~ S2 = I — | — 1 j then tt(xX2| — |~ S2 > x) contains x\ ~ ~ 1//2 as a unique irreducible submodule 
and so 

I Q{Z ) (Xi - I" Sl , (X o det) • | det |- 1/2 ) 
as the unique irreducible submodule. 

6. Representations of GSO(D) 

In this section, we set up some notations for the irreducible representations of GSO(-D). In this case, 
we have 

V = (D,-N D ) 

where D is a quaternion F- algebra (possibly split) with reduced norm No. We have the identification 

GSO(V)^(D x x D x )/{(z,z- 1 )\zGF x } 

via 

(91,92) ■ x 1 — > gi-x- §2. 
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Moreover, the main involution x i— > x on D gives an order two element c of O(V) with determinant — 1, 
so that GO(V) = GSO(F) x (c). The conjugation of c on GSO(V) is given by 

(31,52) 1 — ► (52,31)- 

Thus, an irreducible representation of GSO(D) is of the form n El t 2 for irreducible representations n 
of D x with the same central character ui Tl — uj T2 . Moreover, the action of c sends n E T2 to T2 EIti. If 
7"i = T2, then the representation 7*1 El T2 extends to GO(D) in two different ways. If t\ ^ 75, then 

• iGO(D) M • jGO(-D) M 

md GSO(D) n®T 2 = md Gs ^^ T 2 El 71 

is an irreducible representation of GO(D). This describes all the irreducible representations of GO(D). 

When D is split, the quadratic space D is split and we have a Witt decomposition 

D = X®X* 

for a two dimensional isotropic space X. Let P(X) = M(X) ■ N(X) be the parabolic subgroup stabilizing 
X, so that 

M(X) = GL{X) x GLi and N(X) = A 2 X. 
For an irreducible representation r El x of GL(X) x GLi(F) = GL 2 (F) x F x , we let /p(x)( T ,x) denote 
the normalized induced representation. The following lemma is easy to check. 

Lemma 6.1. Under the identification GSO(D) = (GL2 x GL2)/F X ; we have 

tt(xi,X2) = Ip(x){T y -XUX2) = i p(x){t ■ X 2 " 1 ,X2). 



7. Representations of GS0(7). 

Now we need to establish some notations for the representations of GSO(y) = GSOs^F). Though 
we may identify GSO(y) as a quotient of GL4(F) x GLi(F) as in Section[2l it is in fact better not to do 
so for the purpose of the computation of local theta lifting. 

Recall that we have a decomposition 

V = F- (1,0) ®V 2 ®F- (0,1) 

where V2 is the split rank 4 quadratic space. Let J = F ■ (1,0) and let P(J) = M(J) ■ N(J) be the 
stabilizer of J, so that M(J) = GL(J) x GSO(Va). We represent an element of M(J) by (a, a, (3) with 

(a, (3) S GSO(V 2 ) = (GL 2 x GL 2 )/{(z, z' 1 ) : z G F x }. 

For a character \ an d a representation t\ El t 2 of GSO(V2), one may consider the normalized induced 
representation Ip(j) (x, T i El r 2 ). 

Under the natural map GL4 x GLi — > GSO(V), the inverse image of P(J) is the parabolic P x GLi, 
where P is the (2, 2)-parabolic in GL4. Indeed, under the natural map P x GLi — > P(J), 

\z\ ^ {a,a',(3'), 

then we have: 

!a = a - a! 
= P 
z = a- 1 •N(a'). 

From this, one deduces that 

Ip(ti,t 2 ) Mfj, = lp(j) (wi// -1 ,Ti /i El t 2 ). 
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The following lemma is well-known: 

Lemma 7.1. (i) Let t be a supercuspidal representation ofGL 2 {F). Then one has a short exact sequence 
of representations of GL^F) : 

► St{r) ► I p (t\ - \^ 2 ,t\ - I" 1 / 2 ) ► S P (t) ► 

where St(r) is a discrete series representation (a generalized Steinberg representation) and Sp(r) is the 
unique Langlands quotient (a generalized Speh representation) . 

(ii) If t = st x , then the principal series Ip(r\ — |,r| — has a unique irreducible submodule which 
is the twisted Steinberg representation St x := 5 f ipcL 4 <S> X- Moreover, Ip(r\ — | 1//2 ,r| — | -1 ^ 2 ) is also 
reducible, but its constituents are not discrete series representations. 

(Hi) The situations described in (i) and (ii) are the only cases when Ip{ti,t 2 ) is reducible with Tj 
discrete series representations. 



We shall need another parabolic of GSO(V r ). Let Q be the (l,2,l)-parabolic of GL4 so that its Levi 
factor is GLi x GL2 x GLi. We let /g(xi7 T i X2) denote the normalized induced representation, with \i 
characters of GLi (F) and r a representation of GL2 (F) . Consider the image of Q x GLi under the natural 
map GL4 x GLi — ► GSO(V). This image is the stabilizer Q(E) of a 2-dimensional isotropic subspace E 
containing J. Writing 

V = E Vi @ E* 

where V\ is a split rank 2 quadratic space, we see that the Levi factor of Q{E) is 

L(E) = GL(E) x GSO(Vi) = GL 2 x(GLj x GLi). 

Thus, for a representation r of GL(_E) and a character \ 01 F x , we may consider the normalized induced 
representation Iq(e)( t ,X A Vi)- Now under the natural map Q x GLi — > Q(E), we have 

B j , z j (iiB, (tiU, det B)) e GL(E) x GSO(Vi). 

From this, one easily calculates that 

tQiE) (t, X A v t ) = Iq K x, T ® x, X) ^ X 2 ^r ■ 
Finally, we have the Borel subgroup B a = P n Q of GL 4 and the principal series /s(xi>X2)X3; Xi)- 

8. The Main Results. 

We are now ready to state our main results concerning the computation of local theta correspondences. 
But before stating them, let us note that for any quadratic space V, there is an action of GO(V) on 
n(GSO(F)), and we denote the class of the equivalence classes defined by this action by 

n(GSO(v))/ - . 

Theorem 8.1. Suppose that D is the quaternion division algebra over F. Let rf KtvP be an irreducible 
representation of GSO(-D). Then we have the following: 

(i) 6(r ] D KI-tvP) is an irreducible representation o/GSp 4 (F). 

(ii) If tP = tvP = td, then 

Q(t d ^t d ) =TT ng (JL(r D )), 
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which is the unique non-generic summand of Iqiz){^-i JL(td))- 

(Hi) If ^ , then 0(t ] d S tvP) = 0(t^ Kl t®) is a non-generic supercuspidal representation of 
GS P4 (F). 

(iv) The map 

defines a bijection between 

II(GSO(D))/ ~ 

and 

n(GSp 4 )^ e g rnp := {non-generic tempered representations o/GSp 4 }. 

Theorem 8.2. Let t\ M t 2 be an irreducible representation of GSO 2, 2(F) and let 9{t\ M T2) be its small 
theta lift to GSp 4 (F). Then 9{t\ M T2) = 0(t2 Kl n) can be determined as follows. 

(i) If n = t 2 = r is a discrete series representation, then 

9(n Mt 2 ) =7T 3e „(T), 
which is the unique generic constituent of 7q( Z )(1,t). 

(ii) If n 7^ r 2 are both supercuspidal, then 9{t\ KIt 2 ) is supercuspidal. 
(Hi) If Ti is supercuspidal and r 2 = st x , then 

9(T 1 ®T 2 )=St(T 1 ® X ~\x)- 

(iv) Suppose that t\ = st Xl and t 2 = st X2 with xi X2, so that x\ = X%- Then 

9(t 1 ^t 2 ) = St(st Xl/x2 , X 2) = St(st X2/xi , X i). 

(v) Suppose that n is a discrete series representation and r 2 w(x, x') x/x'l = I — | _s an d s >0, 
so that r 2 is non-discrete series. Then 

9(n O t 2 ) = J p( y)(ti <8>X~\x)- 

(vi) Suppose that 

n ^ 7r(xi,xi) and r 2 =— > tt(x 2 ,X 2 ) 

ixi/x-i = i - r s % s!> S2 >o. 

T/ien 

0(<n Ht 2 ) = Jb(x 2 /xi,X2/xi;Xi)- 
In particular, the map tiBt 2 ^ 9{t\ M r 2 ) defines an injection 

n(GS0 2 , 2 )/ - ^n(GSp 4 ). 

Theorem 8.3. Let n be an irreducible representation o/GSp 4 (F) and consider its theta lift to GSO(V). 

(i) The representation 9(tt) is nonzero iff 'it ^ II(GSp 4 )^ e g mp ; in which case it is irreducible. 

(ii) The map tt H> 9(tt) defines an infective map from II(GSp 4 ) \ II(GSp 4 )^ e g mp into the set of irreducible 
representations of GSO(V). 

Moreover, for n £ n(GSp 4 )*f™ p , 9(ir) can be described in terms of n as follows. 
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(Hi) (Supercuspidal J If n is supercuspidal, then 9(tt) is supercuspidal unless 7r has a nonzero theta lift 
to GS0 2 , 2 (F). If it is the theta lift of tx 8t 2 from GS0 2 , 2 (F), then 

0(tt) =Ip(n,T 2 )®LJ T1 . 

(iv) (Generalized Steinberg,) Suppose that it — St(x,r) as in \5.2.lV a). Then 

e(St( X ,r)) = St(r) Mu, rX . 

On the other hand, if ir = St(r, /i) as in \5.2.lV b), then 

6(St{r, ju)) =J ? (t« [i, st ® fi) H /i 2 . 

(u,) (Twisted Steinberg,) If tt = StpQs Pi <E> X * s a twisted Steinberg representation, then 

6(St PGSpi <Z>x) = St x Mx 2 - 

(vi) (Non-discrete series,) FFe consider the different cases according to 1 5. 1?. Ifr 

(a,) Suppose that tt Iq(z)(Xi t ) as in \5.2.2V a). so that |x| = | — |~ s s > 0. XTien 

0(tt) = J P (r,r -x)^rX- 

("6,) Suppose that tt Ip(Y)( T ,x) as in \5.2.2V b). so that \u) T \ = \ — |~ 2s with s > 0. Tften 

9(ir) = J q (1,t,lj t ) - X^xV- 

(cj Suppose that 

tt ^ Ib(xi,X2;x) 

where |xi| = | — |~' Sl an<i |x 2 | = | — |~ S2 urat/j si > s 2 > 0. Then 

0(tt) = x - Jb (1, X2, Xi, X1X2) ^ x 2 XiX2- 

Remarks: In Section Q3J we display the results of the above three theorems in the form of three tables. 
The results there are given in terms of the usual Langlands classification which describes tt as a unique 
irreducible quotient of a standard module, as opposed to describing tt as a unique submodule as we have 
done in the theorems. 

9. Proof of Theorem EH] 

We begin with the proof of Thm. 18.11 

(i) Let 7r = TjP tvP be an irreducible representation of GSO(D) which is contained in a (unique) irre- 
ducible representation tt of GO(-D). Then by Prop. 12.31 Q(tt) is either zero or an irreducible representation 
of GSp^-F 1 ). By Thm. I3.3[ at least one of Q(tt) or Q(tt ® uq) is nonzero. Thus we conclude that 

e(r 1 Z3 Krf)-e(T 2 D Krf) 

is nonzero and irreducible. This proves (i). Moreover, Prop. 12.31 implies that one has an injection 

n(GSO(£>))/ ~ <^> H(GSp(W)). 
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(ii) Now suppose that = -nP = td ■ Then it is well-known that ir — td Kl td participates in the theta 
correspondence with GSp(W) = GSp 2 = GL2. Indeed, one has 

©D.WiW = JL(t d ). 

On the other hand, by Theorem IA.2I in the appendix, one has an GSO(D) x Q(Z)-equivariant surjection 

Rq{Z){^D,w) -» &D.W'- 

By Frobenius reciprocity, one has a nonzero GSO(Z?) x GSp(M / )-equivariant map 

SId,w -^n^I Q(z) (l,JL(T D )). 

In view of (i), we see that @(ir) is either equal to Tr gen ( JL(td)) or TT ng ( JL(td))- By Cor. I4.2f i). we see 
that the former possibility cannot occur, so that 

Q(td B t d ) = w ng (JL(T D )). 

We have thus shown (ii). Moreover, from our enumeration of the non-supercuspidal representations of 
GSp(W) given in ij5.2[ we see that the representations of GSp(M / ) obtained in this way are precisely the 
essentially tempered non-generic non-supercuspidal representations. 

(hi) On the other hand, suppose that t- ^ t® . Then by Thm. 13.31 0(r ] D Kl rf 5 ) is supercuspidal. Cor. 
I4.2f i) implies that it is non-generic. This proves (iii). 

(iv) By the above, we see that the map O gives an injection 

n(GSO(D))/ ~ n(GSp(v^))^ mp . 

Moreover, as we remarked in the proof of (ii), any non-supercuspidal representation in n(GSp(W / ))^ e g rrap 
lies in the image. Thus, to prove (iv), we need to show that every non-generic supercuspidal representation 
lies in the image. 

Suppose then that 7r is a non-generic supercuspidal representation of GSp(W^) which does not par- 
ticipate in the theta correspondence with GSO(-D). By Thm. 13.21 7r must participate in the theta 
correspondence with GSO(l^) = GS03.3(.F). If this is the first occurrence of 7r in the tower of split 
orthogonal similitude groups, then Qw,d{k) is a supercuspidal representation of GS0 3 _ 3 (F) which is 
necessarily generic. By Cor. 14.41 this implies that ir is itself generic, which is a contradiction. Thus, ir 
must participate in the theta correspondence with GSO(V2) = GS02 : 2(-F), which is the lower step of the 
tower. Moreover, 

a = <dw,v 2 M 

is then a supercuspidal representation of G0(V2), since no supercuspidal representations of GSp(W^) 
participate in the theta correspondence with GO(Vi) = GOi,i(F). Since a is necessarily generic, we see 
by Cor. I4.2f ii) that tt = Qv 2 ,w( a ) mus t also be generic. This contradiction completes the proof of (iv). 

Thm. 18. H is proved. 

10. Proof of Theorem [O 

We now give the proof of Theorem 18.21 The key step is the computation of the normalized Jacquet 
modules of the induced Weil representation Qv 2 ,Wi where V% is the split four dimensional quadratic space. 
Before coming to this computation, we first introduce some more notations. 

Recall that V2 = X © X*, where X is a two dimensional isotropic space. We can write 

X = F ■ m © F ■ u 2 and X* = F ■ v\ © F ■ v 2 

with (ui,Vj) — Sij. Let P(X) be the parabolic subgroup of GSO(V2) stabilizing X with Levi factor 

M{X) = GL(X) x GLi . 
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Let J = F ■ ui be the isotropic line spanned by ui in X and let B(J) be the stabilizer of J in M(X); it 
is also the stabilizer of the isotropic line spanned by v 2 in X* . With respect to the basis {ui, u 2 } of X, 
B(J) is the group of upper triangular matrices in M(X) = GL(AT) x GLi. We write 



Similarly, recall that W = Y* © Y, 

Y* = F ■ ei (B F ■ e 2 and Y = F ■ /1 © F ■ f 2 
with (ei,fj) — 5ij. The stabilizer of Y in GSp(W^) is the Siegel parabolic subgroup P(Y) with Levi factor 

M(Y) GL(y) x GLi 

and the stabilizer of Z = F ■ f% in GSp(VL) is the Klingen parabolic subgroup Q{Z) with Levi factor 

L(Z) £ GL(Z) x GSp(W) 

where W' = F ■ e 2 © F ■ f 2 . 

10.1. Jacquet modules. With the above notations, we can now compute the Jacquet module of £lv 2 ,w 
relative to P(X). This follows the lines of [K] and we give the detailed computation in the appendix. 

Proposition 10.1. The normalized Jacquet module Rp(x){^v 2 -w) of f2y 2 ,w along P(X) has a natural 
three step filtration as an M(X) x GSp(W)-module whose successive quotients are described as follows: 

(1) The top quotient is 



where Isom(X, Y) is the set of isomorphisms from X to Y as vector spaces (which is a torsor 
for GL(X) as well as for GL(Y) ). Here the action of (m, A) € M(X) = GL(X) x GLi on 
S(F x )(g> S(Jsom(X, Y)) is given by 




C^S(F X ). 

Here the action of (m, A) € M(X) = GL{X) x GLi on S(F X ) is given by 
((m, A) • = |det x (m)| 3 / 2 • |A|- 3 / 2 • /(A • t). 

(2) The middle subquotient is 

B = lB(j)x Q (z)(S(F x )(g> S(F X ■ v 2 g) /1)). 
Here the action of (t(a, b), A) e B(J) on S(F X ) ® S(F X ■ v 2 ® /1)) is given by 

((t(a, b), A) • f)(t, x) = \a\ ■ I A|- 3 / 2 • /(A • t, b ■ x), 
whereas the action of(a,g) € L(Z) = GL(Z) x GSp(T'L') is given by 

((ot,g) ■ f)(t,x) = Wwig)^ 1 ■ f{vw{g) ■ t,a' x ■ vw{g) ■ x). 

(3) Finally, the submodule is 

A = I P(Y) {S{F X ) ® S(lsom(X, Y))) 



((m, A) • f)(t,h) = f(\-t,hom), 
whereas the action of (m', A') G M{Y) = GL(Y") x GLi is given by 
((m',\')-f)(t,h)=f(\'-t,X'-m'- 1 oh). 



Proof. This is Theorem lA.il with m = 4, n = 2 and t = 2, and with Remark I A. 5 1 taken into account. □ 
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Corollary 10.2. Let a = tt(xi,X2) 8t be a representation o/GSO(V 2 ) = (GL 2 (F) x GL 2 {F))/F X such 
that t is irreducible but 7r(xi,X2) may be reducible, so that uj t = X1X2 and 

0- = Ip(x)(T y ■ Xi,Xi)- 

Then 

Hom GSO (y 2 ) (0,a-) = Rom M{X )(Rp(x)(ty,T V ■ xi ^X2)- 

(1) IfXi/X2^\-\ 3 , then 

Hom M(x) (C,r v -xi K X2 ) =0. 

(2) If Rb(t) does not have Xi\ ~ | _1 ^n as a subquotient for any character rj, then 

Hom M(x) (S,r v -xi®X2) =0. 

(3) // £/ie conditions in (i) and (ii) /10/d, i/ien 

Hom M(x) (i? P(x) (rj),T V • xi C Hom M(x) (A,T V • xi ^ X2) = Ip(Y)(r ■ Xi^Xi)*, 

where * indicates the full linear dual. 
Proof. The first equality is just the Frobenius reciprocity. 

(1) This follows from the fact that the center of Gh{X) acts by | detx 3 on C and by the character X1/X2 
on r v • xi E X2- 

(2) We have: 

Hom M(x) (B,r v - xi Klxa) 

= Hom M(x) (J S (j)x Q (x) (S(^ x ) ® ^ x • «2 ® A)), r v • xi H X2) 

= Hom B(J) (5(F x ) ® S(F X • « 2 ® /i)),%(r v • xi) B X2), 

where R-g denotes the normalized Jacquet module relative to the opposite Borel subgroup B. From 
the action of B(J) described in Proposition I10.1f 2). one sees that the element t(a, 1) <E B(J) acts on 
S(F X )®S(F X ■V2<S>fi)) by the character \a\. It follows that if the last Horn space is nonzero, R-g{r v -Xi) 
must contain — | £3 r/^ 1 as a subquotient, for some character n. This is equivalent to Rb{t) having 
Xi| — | _1 Kl 77 as a subquotient. This proves (2). 

(3) By (1) and (2), one obtains the inclusion in (3). Now let (r v -xi Bx 2 )®n be the maximal r v -xi ^X2- 
isotypic quotient of A. Then 

Hom M (x)(A t v • xi H X2) = Hom M(x) ((r v • xi H X2) ® n, r v • X i H X2) = Hom c (n, C) = IT. 

But by |GG1 Lemma 9.4], n is of the form Ip(Y) {^0)1 where tto is such that (t v • xi ^ X2) ® 7To is the 
maximal t v • xi ^ X2-isotypic quotient of S(F X ) ® S'(Isom(X, Y")) which we view as a representation of 
GL(X) x GL(y). Now by [MVW[ Lemma, Pg. 59], with the actions of GLi taken into account, one can 
see that ir — t ■ X\ l ^ Xi- This competes the proof. □ 

10.2. Proof of Theorem 18.21 We are now ready to give the proof of Theorem l8.2l In the following, we 
shall repeatedly use the following simple fact: 

• if a is an irreducible representation of GSO(V 2 ), then 

0(a)* = Rom GSO (v 2 )(^v 2 ,w,cr). 

Let t\ M t 2 be an irreducible representation of GSO^) — (GL 2 (F) x GL 2 (F))/F X . As in the proof 
of Thm. ISTTTi). it follows from Thm. [33] that 

e(riKr 2 ) = e(r 2 Hri)^0. 

We now consider the various cases in Theorem 18.21 in turn. 
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Supercuspidal representations. 

Suppose that t\ M T2 is supercuspidal. Then one knows that 0(ti K Tq) = 9(ji Kl T2) is non-zero and 
irreducible. Moreover, if t\ 7^ T2, then the theta lift of t\ H T2 to GSp(VF') = GL2 is zero and hence 
9(t\ MT2) is supercuspidal. 

On the other hand, if t% = T2 = r, then tMt participates in the theta correspondence with GSp(W) = 
GL 2 and its big theta lift to GL 2 is r. As in the proof of Thm. IHTTT ii'). there is a GSO(V2) x L(Z)- 
equivariant surjective map 

Rq{z){^v 2 ,w) — ► ^v 2 ,w- 
By Frobenius reciprocity, one has a non-zero GSO(V2) x GSp(VK)-cquivariant map 

ttv 2 ,w — ► (tHt)B/ q(z) (1,t). 

Thus, we see that 

e(rHr)^/ Q(z) (l,r). 

We know that Iq(z){^i t ) is the direct sum of two irreducible constituents with a unique generic con- 
stituent 7Tg en (r). It follows from Cor. I4.2f ii) that 

0(t 8t) = 7r se „(r). 



Discrete series representations. 

Suppose that er = st x Kir where st x is a twisted Steinberg representation and r is a discrete series 
representation so that ui T — x 2 ■ Note that r is either supercuspidal or equal to st^. Then 

o ^ n( X \ \ 1/2 ,X\ r V2 ) H r = 7 PW (r v ■ X | - \^, X \ - \~^). 

We would like to apply Corollary 110.21 (3) and so we need to verify that the conditions in Corollary 110.21 
(1) and (2) hold. The condition in Corollary 110.21 (1) obviously holds, and that in Corollary 110.21 (2) 
holds when r is supercuspidal. If r — st^ is a twisted Steinberg representation (so that \ 2 = then 

Rb(t) = /i| - | 1/2 H M | - r 1/2 ^ xl - r 1/2 B ry 

for any character rj. Hence the condition in Corollary 110.21 (2) also holds when r is a twisted Steinberg 
representation. In particular, we conclude by Corollary 1 10. 21 (3) that 

By Lemma 15.21 the above induced representation is multiplicity free and of length two with a unique 
irreducible quotient, so that O(er) is multiplicity free and 0(a) is irreducible. Moreover, 

v = |St(r • x~\x) ifr^st x ; 
{■Kgenir) ifr = st x . 

Non-discrete series representations I. 

Suppose that 

a ^ 7r(xi,x 2 ) = Ip(x)(r v 'XiiXa) 
where t is a discrete series representation with w T = X1X2 and 

IX1/X2I = I - I -80 and s >0. 

Again, we would like to apply Corollarv ll0.2l (3) and so we need to verify the conditions there. As before, 
the only issue is the condition in Corollary 110.21 (2) when r — st x is a twisted Steinberg representation, 
in which case 

Rb(t)= X \-\ 1/2 ®x\-\- 1/2 



20 



WEE TECK GAN AND SHUICHIRO TAKEDA 



and we need to show that this is different from xi I — I 1 ^ V for any character 77. In other words, we need 
to show that 

x/xi * 1 - r 3/2 . 

But observe that 

lxl 2 = lxiX2| = lxiMx 2 /xil = lxil 2 -|-| S0 , 

so that 

ix/xii = i-r o/ vi-r 3/2 . 

This verifies that the conditions in Corollarv ll0.2l (1) and (2) hold, so that we conclude that 

i p(y)(t ■ Xi^Xi) -» ©(c)- 

Since the above induced representation is multiplicity free with a unique irreducible quotient, we conclude 
that 0(a) is multiplicity free and 9(a) — Jp(y)(r • Xi~ >Xi) is irreducible. 

Non-discrete series representations II. 

Finally, we consider the case where 

o ^ 7r(Xi,xi) E7r(x2,X 2 ) 

with X1X1 = X2X2 and 

\Xi/Xi\ = I - r Sl and Sl >s 2 >0. 

We consider two subcases: 

( a ) X2/X2 ^ I - I -1 ; in this case 7r(x2,X2) = 7r (x 2 >X2) is irreducible and 

a ^ ^p(A-)(7r(X2,X 2 ) V ■ Xi>Xi)- 

Again, to apply Corollary 110.21 (3). we need to verify the conditions there, and in particular the 
condition in Corollary 1 10. 21 (2). We have 

Rb(AX2,x' 2 )) = (X2 H Xa) © (x 2 B X2) 
up to semisimplification and so we need to verify that 

X2^Xi|-r 1 and X2 Xi\ ~ I' 1 ■ 
To see these, we argue by contradiction. If X2 = Xi I — then X2 = Xil — L s ° that 

1 - r a - IX2M1 - ixiMi • 1 - r 2 = 1 - r 1 - 2 . 

This would give s 2 = Si + 2 which contradicts si > s 2 . On the other hand, if x'2 = Xil — 
then X2 = Xi I — 1 1 so that 



|-| S2 = lx 2 /x2| = |xi/x'il-| 



-si-2 



This would give s 2 = — s± — 2 < 0, which is a contradiction. Thus, we may apply Corollary 110.21 
(3) to conclude that 

^p(y)0(x 2 ,X2) • xr\xi) = Mxa/xi)X2/xi;xi) ~* ©( fJ )- 

This shows that Q(a) is multiplicity free with a unique irreducible quotient 

0(a) = Jb(x 2 /Xi,X2/xi;Xi)- 
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(b) X2/X2 = I — l~ > m this case, 7r(x 2 ,X2) is reducible and has the one dimensional representation 
X2I — l 1 ^ 2 a s its unique irreducible submodule. Then 

<? ^ 7r(xi,xi) BXal - | 1/2 = /p ( x)(xiX 2 " 1 | - r 1/2 ,x'i)- 
Applying Corollary 110.21 (3) (we leave the verification of the conditions there to the reader), we 
conclude that 

/p ( y)(xr 1 X2|-r /2 ,Xi)-©(0- 

Observe that 

-Mx' 2 /xi,X2/xi;xi) -» ip(Y)(xi 1 X2\ - l 1/2 ,xi) 

and the former induced representation is a standard module. This shows that O(er) is multiplicity 
free with a unique irreducible quotient 

0(a) = Jb(x 2 /Xi,X2/xi;Xi)- 
This completes the proof of Theorem 18.21 

11. Proof of Theorem IQ1 

In this section, we give the proof of Theorem 18.31 

11.1. Jacquet Modules. The key step is the computation of the normalized Jacquet modules of the 
induced Weil representation ft with respect to Q(Z), P(Y) and P(J). This is carried out in the appendix, 
following the lines of [K] . 

Proposition 11.1. Let Rp^j^(fl) denote the normalized Jacquet module of Vt along P(J). Then we have 
a short exact sequence of M(J) x GSp(VF) -modules: 

► A ► R P(A ){V) > B ► 0. 

Here, 

B = flw,v 2 > 

where flw,v 2 * s ^ e induced Weil representation for GSj)(W) x GSO(V"2), o-nd 

a = i q{Z) {s(F x )®n w , iV2 ), 

where the action of (GL(J) x GSO(F 2 )) X (GL(Z) x GSp(W')) on S(F X ) is given by: 

((a,h),(b,g))-f(x) = f(b- 1 -x-a-X wl (g)), 
and Qw',v 2 denotes the induced Weil representation of GSp(W') x GSO(V2). 

Proof. This is Theorem I A. 1 1 with m = 6, n = 2 and t = 1, and with Remark I A. 51 taken into account. □ 

Proposition 11.2. Let RQt z \(Q,) denote the normalized Jacquet module offl along Q(Z). Then we have 
a short exact sequence of GSO(V) x L(Z)-modules 



Here, 



>• A' ► R Q{z) (il D ) ► B' > 0. 

B' = \det z \ ■ \X W \- 1/2 Mn w>y 
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where Clwy is the induced Weil representation of GSp(W) x GSO(V) and 

A' = I P(J) (S(F*)®(l w ,, V2 ), 
where the action o/(GL(J) x GSO(V 2 )) x (GL(Z) x GSp(W')) on S(F X ) is given by 

((a,h), (b,g)) ■ f(x) = /(a- 1 • Xw(g)' 1 • x ■ b), 
and Qw v 2 i s the induced Weil representation of GSp(M^') x GSO(T^). 

Proof. This is Thcorem lA.2[ with m = 6, n = 2 and k — 1 and with Remark lA.5l t aken into account. □ 

Proposition 11.3. Let Rpry)(£l) denote the normalized Jacquet module of Q along P(Y). Then as a 
representation of M(Y) x GSO(V), Rp(y^(fl) has a 3- step filtration whose successive quotients are given 
as follows: 

(i) the top piece of the filtration is: 

A" = S(F X ) ® |dety| 3 / 2 • lAvi/p 3 ^ 2 , 
where (a,X,h) <E GL{Y) x GLi x GSO(V0 acts on S(F X ) by 

(a,X,h)(/)(t) =4>{t-X- X(h)). 

(ii) the second piece in the filtration is: 

B" = IbxP(j){S{F x xF x )) 
where the action of the diagonal torus in B on S(F X x F x ) is given by 

(( a d V^)OM) = |a|-0(A,td). 
(hi) the bottom piece of the filtration is: 

C" = I Q[E) (S(F X ) ® S(GL 2 )), 
where the action of (GL(F) x GLi) x (GL(E) x GSO(Vi)) on S(F X ) ® S(GL 2 ) is given by: 

(a,X;b,h)(j)(t,g) = <j)(t ■ X ■ X Vl (h),b~ 1 ga ■ X Vl (h)). 

Proof. This is Theorem IA.2| with m = 6, n = 2 and k = 2, and with Remark lA.5l taken into account. □ 
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11.2. Consequences. Applying Frobenius reciprocity as well as Props. Ill.l[ ITTTSI and ITT731 we obtain 
the following 3 propositions as consequences. Since the proofs of these 3 propositions are similar, we shall 
only give the proof of Prop. 111.51 

Proposition 11.4. Assume that X ^1 — I- Then as a representation of GSO(V), 

Hom GSp{w) (n, I q{z) (x,t)) = /p(j)(x _1 , (t ■ x) E (r • x)Y (full linear dual). 

Proposition 11.5. Suppose that r is a discrete series representation of GL(Y) and lu t ^ | — | 3 . Then 
as a representation o/GSO(V), 

Hom GSp{w) (n, I p{Y )(t,x)) ■=» I q{e) (t v , (xu t ) ° AyJ*. 
Further, if r is super cuspidal, then 

Hom GSp(w) (ft,/p (Y) (T,x)) = Iq(e)(t v , (x^t) ° AyJ*. 

Proposition 11.6. (i) Consider the space 

Hom GSO (i/)(n,/p(j)(x,Ti Mt 2 )) 
as a representation ofGSp(W). Then we have: 

(a) Ifx^ 1 , then 

Hom GSO( y ) (^,/ P (j ) (x,Ti Klr 2 )) =0 

unless 

7"l=7-2= 7-, 

m which case 

Hom GSO( v)(^,/p(,7)(x,7-Hr)) = 7 Q(Z) (x~\t <g> x)* • 

(b) J/ x = 1 6«i ti ^ T2 , i/ien 

Hom GS o(v)(n,/ F(J) (x,Ti Klr 2 )) = 0w,V 2 (ti ^t 2 )*, 
where Q-w,v 2 (ti ^ 72) denotes the big theta lift of ti HI r 2 /rom GSO(V 2 ) to GSp(W). 

( c ) If X = 1 an d Ti = T 2 = t, i/ien we ftat>e an exact sequence: 

► elixir)' ► Hom GS o(y)(fi,/p(j)(x,7-Kr)) ► (J Q(Z) (1, r))* 

Proof of Prop. \1 1 . 51 By Frobenius reciprocity, we have: 

Hom GS P (wo (fi, ^p(y) (t-, x)) = Honij, /(y) (i? P( y) (fi), r Kl x)). 
The 3-step filtration of Rp(Y) (0) thus induces one on this Horn space. 
For t as in the proposition, we see that 

Hom M (y)(4",T§x) =0. 

This is because the center of GL(Y) acts by the character — | 3 on A" and by lu t on tMx, and by our 
assumption, these two characters are different. 

We claim now that 

Hom M(y) (B",rB X )=0 
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as well. This is clear if r is supercuspidal. On the other hand, suppose that t = si M is a twisted Steinberg 
representation. If Hornby) (B" , r \) 0> then one deduces that 

Hom Gi( y ) (/ B (|-|KV),st M ))^0, 

where | — | S V is a representation of the diagonal torus GLi x GLi. By Frobenius reciprocity, this implies 
that 

Hom GLl x GLl (i? s (st r i), - r 1 M V w ) ± 0. 

But R B {st^-i) = | - l 1 - 72 ^ -1 E | - | -1/2 M -1 - This would imply that n=\ - | 3/2 . However, this is ruled 
out by the assumption of the proposition. 

Hence, we have shown that 

Hom GSp{w) (n,Ip iY )(T,x)) Hom M( y ) (C",r Klx)- 

Now by arguing in the same way as the proof of Cor. 110. 2f 3) 

Hom M(y) (C",rB x ) = Iq(e)(t v , ( X u T ) o X Vl )*. 

Suppose further that r is supercuspidal. Since the representations A" and B" do not contain any 
supercuspidal constituents and hence belong to different Bernstein components of GSp 4 , one has 

Hom GSpW (n, I P (Y)ij, x)) = Hom M( y ) (C",rKlx)- 
The proposition is proved. □ 



11.3. Proof of Thm. 18.31 Now we can prove Thm. 18.31 In the following, we shall repeatedly use the 
following two simple facts: 

(a) if tt is an irreducible representation of GSp(H / ), then 

9(7t)* = Hom GSp(H /)(rj,7r). 

(b) if n is an irreducible representation of GSO(V) such that 

n v ^Hom GSp(w) (0,S), 

where £ is not necessarily irreducible (typically, E is a principal series representation) , then there 
is a nonzero equivariant map 

n — >nss. 

In particular, 8(n) ^ 0. The analogous result with the roles of GSp(M^) and GSO(F) exchanged 
also holds. 

By [KR, Thm. 3.8] (i.e. Thm. I331TA, we know that if tt 6 n(GSp 4 )^ mp , then e(vr) = 0. Parts (i) and 
(ii) of the theorem will follow if we can determine 0(tt) for tt £ n(GSp 4 )^ e ™ p , i.e. if we can demonstrate 
parts (iii), (iv), (v) and (vi). We consider the different cases separately. 

Supercuspidal Representations 

If tt is a supercuspidal representation of GSp 4 (F) and tt ^ II(GSp 4 )£fJ np , then tt is generic and we 
know that Q(tt) is a nonzero irreducible representation of GSO(V"). It is supercuspidal unless the theta 
lift of 7T to GSO^^-f 1 ) is nonzero, in which case its theta lift to GS02.2(-F 1 ) is also supercuspidal. Suppose 
that 

7r = e(TiKr 2 ) =6(t 2 Kt 1 ), 
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so that t\ and T2 are supercuspidal representations of GL2(-F) with the same central character. Then it 
follows by Prop. 111.11 that 

Hom GSp ( W ) xGS o(^)(fi,7rKI F (j)(l,Ti Mt 2 )) ^ 0. 

This shows that 

0(7t) =/p (J) (l,riKr2) =Ip(t 1 ,t 2 )®u t1 - 

This proves Thm. I8.3f iii). 

The Generalized Steinberg Representation St(x, t) 

Now we consider the first family of generalized Steinberg representations, so that n = St(x> T ) IS as m 
15.2. lf a) with \ & non-trivial quadratic character and r supercuspidal so that t ® x — T - Recall that we 
need to show: 

6(St(x,T))=St{T)Mu T x. 

Since 

St{r) H u tX I P{J) {x\ - |, (r • x| - T 1/2 ) Br| - T 1/2 ), 
we deduce by the fact (a) above and Prop. |11.6f i)(a) that 

Q(St( T ) ®u) T x)* ^ Uom GSO{v) (n,I P{J) ( X \ - I, (r • xl - T 1/2 ) Sr| - I" 1 / 2 )), 
which vanishes unless r (g> x — t, in which case one has: 

Wx _1 i - rvi - r /2 ) - e(5<(r) k WtX ). 

Recall that the above induced representation has St(\, r) as its unique irreducible quotient (since x 7^ !)■ 
From this, we conclude that: 

. 0(St(T)Ru TX )QSt(x,T); 
. e(5t(x,r))^Q. 

On the other hand, since x ^ 1, one may apply Prop. 111.41 to Iqiz){x\ ~ \- T \ ~ l -1 ^ 2 ) an d arguing as 
above, one obtains: 

. 8(St( X ,T)) CSt(T)®Ur X ; 

• 0(St(r) H uj tX ) 0. 
Hence, we have shown that 

9(St(r)Su }T x)=St(x,r); 
9(St(x,T))=St(r)®uj T x. 



The Generalized Steinberg Representation St(r, /i) 

Now we consider the second family of generalized Steinberg representations, so that 7r = St(r, fi) as in 
15.2. lf b). with r =t st a discrete series representation of PGL(y). Recall that we need to show: 

9(St{r, n)) = I p (t® fi, st®fi)^n 2 . 

Since 

St(r,M)^/pcJ0M-| 1/2 ./*|-|" 1/2 ). 
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Prop. 111.51 implies that 

Iq( E) (t\ - r 1/2 , (Ml - I 1/2 ) o Avi) -* 9(St(r, /*))*. 
Now note that as a representation of GL4(F) x GLi(F), 

I Q (E)(r\ r 1/2 , (mI - I 1/2 ) o A Vl ) = n ■ I Q (\ - I" 1 / 2 , r, I - h ^ 

and the latter representation has a unique irreducible quotient isomorphic to /i • Ip(r,st) M \j? . Hence, 
we have shown that 

9(St(r, n)) <ZI P ( T ® fj,, st®n)^fi 2 . 

On the other hand, by Thm. 18.21 one knows that the representation St(r, (i) participates in the theta 
correspondence with GSO(V2): it is the theta lift of (r ® /i) ISI (st (g /i). Hence it follows by Prop. 111.11 
that e(St(r, n)) ^ and so 

6(St(T, n)) = I P {r ® n, st ® (i) El ^ 2 , 

as desired. 

Twisted Steinberg Representations 

Now consider the twisted Steinberg representation S'£pGSp 4 ® X- Since 

StpGS P4 (8 X ^ I Q (Z){\ - I 2 , si x | - T 1 ), 

and 

5t x Hx 2 ^ /p W (i - 1 2 , st x \ - r 1 hi «t x i - r 1 ), 

we may apply Props, lll.4l and lll.6l to conclude that 

#(Si x ^X 2 ) = SipGSp 4 ®X 

and 

0(StPGS P4 ® X) =%^X 2 - 
Since the arguments are similar to the above, we omit the details. 

Non-Discrete Series Representations 

Finally, we come to the non-discrete series representations in part (vi) of Thm. 18.31 We will consider 
the three cases (a), (b) and (c) separately. 

(a) Suppose that 

as in 15.2. 2f a), so that \\\ = | — |~ s with s > 0. Recall that we need to show: 

0(tt) = J p (t,t-x)®UtX- 
By Prop. 111.41 we deduce that &(tt) is a quotient of 

Ip(j) (x~\ (t • X) H (r • x)) = ip(r, r • x) El K • X )- 

But this induced representation has a unique irreducible quotient Jp(r, r • x) El w T x, since it is a standard 
module. This shows that 

• 0(0 C J p (t,t-x)E]w t x); 

. 9(J p (t,t-x)®lo tX )) ^0. 
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On the other hand, since 

J P (r, r • x) E w r x ^ Jp(r • %, r) E w T x = / P( j) (x, r Kl r), 

we may apply Prop. I11.6f a) and (c) to conclude that 

• 9(J p (t,t- X )®UtX) ^t; 

• 9(tt) 7^ 0. 

From this, we conclude that 

0(tt) = J p (t,t-x)Bw t x, 

as desired. 

(b) Suppose now that 

7T <-> I P{Y ){t,x) 

as in 15.2.2T b). so that r is a twist of a discrete series representation with |w T | = | — |~ 2s with s > 0. 
Applying Prop. 111.51 one deduces that ®(ir) is a quotient of 

Iq(e)(t v , ( w tX) ° AvJ) = Iq(1,t,u t ) ■ x^X 2 u T . 

This induced representation has a unique irreducible quotient Jq(1, r, a; r ) • x Kl x 2 w T . Thus, one sees that 

0(tt) C J q (1,t,« t ) -xSxV. 

On the other hand, since 7r participates in the theta correspondence with GS0(V2) by Thm. 18.21 one 
knows that 0{ir) ^ 0. Hence, one has 

0(tt) = J q (1,t,u> t )- X ®X 2 Ut, 

as desired. 

(c) Suppose first that 

Ti" ^ Ib(xi>X25X) 

as in [5X2T c)fi). so that X2 ^ \ - Thus, |xi| = | - |~ Sl and |% 2 | = | - T" 2 with si > s 2 > 0, but 
X2 7^ I — In this case, we have 

7T ^ ^q(z)(xi,tt(xX2,x)) 

as the unique irreducible submodule. Applying Prop. 111.41 one deduces that as a representation of 
GL 4 (F) x GLi(F), O(tt) is a quotient of 

!p(J) (Xi~\ tt(xXiX2, XXi) B tt(xXiX2, XXi)) 
=X ' ^p(7r(x2, 1),tt(xiX2, Xi)) ^ X 2 XiX2 
=X ■ !b (1, X2, Xi, X1X2) ^ X 2 XiX2- 

This induced representation has a unique irreducible quotient 

n = X ■ </b (1,X2,Xi>XiX2) K1x 2 XiX2- 

Hence, we have: 

0(tt) C n and 9(n) ^ 0. 

In fact, if Jb(xij X2; x) is irreducible, so that it is equal to 7r, then we would have 

G(ir) = /b (1,X2,Xi,XiX2) K1x 2 XiX2- 
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This is the case, for example, when xi (and hence X2) is unitary. In that case, we have the desired 
identity 9(tt) = II. 

To prove the desired identity in general, we may thus assume that Xi 7^ 1- Then one may apply Prop. 
I11.6f a) to the representation 

which contains II as its unique irreducible submodule. By Prop. I11.6f a). one has 

Hom GSO(l / ) (fi,/p (J) (xi,7r(xX2,x) ^^(xX2,x))) = J Q(Z) (Xi 1 , ^(xXiX2, XXi) E ^{xXiX.2, XXi)T ■ 
It follows from this that 

0(11) C vr and 9(tt) ^ 0. 
Hence we have the desired equality 9(tt) — II in general. 

Finally, we need to treat the case when 

7T ^q(z)(xi,x- 1 - r 1/2 ) 

as the unique irreducible submodule, as given in I5.2.2f c)fii), so that |xi| = | — with si > 1. Appli- 
cation of Prop. 111.41 shows that Q(tt) is a quotient of 

i P (j)(xi\ xix\ - r 1/a a xixi - r 1/2 ) = x\- r 1/2 • h^xi) a xix 2 \ - r 1 - 

But 7p(l,xi) is a quotient of L Bo (\ — l 1 ^ 2 , 1 — | ~ x / 2 , Xi I ~ | 1//2 , Xi| — | -1 ^ 2 ) which is a standard module. 
This shows that 

AM c n : = xi - r i/2 JB (i - r /2 , 1 - r i/2 ,xii - r /2 ,xii - r 1/2 ) ewi - r 1 . 

On the other hand, since 

n^/p ( ,/)(xi,xi-r 1/2 Kxi-r 1/2 ) 

and xi 7^ 1) °ne may apply Prop. Ill.Gf a) to conclude that 9(ir) — H. This completes the proof of Thm. 
IO □ 

12. Some Corollaries 

We note some corollaries of our explicit determination of theta correspondences. 
The following is an immediate consequence of Thms. I8.1U8.2I and 18.31 

Corollary 12.1. The dichotomy statement of Theorem \ 3.2\ holds for all irreducible representations of 
GSp 4 (F). 

The following result was stated in [GT1, Thm. 5.6(iv)]: 

Corollary 12.2. Let 7T be an irreducible representation o/GSp 4 (i ? ) with central character /1 and suppose 
that tv participates in the theta correspondence with GSO(V2), so that 

ir = e(n Kt 2 ) = 6(j 2 En). 

Let n M fi be the small theta lift of tt to GSO(V), with H a representation of Gh^{F). Then we have the 
following equality of L -parameters for GL4 x GLi; 

0n x /i = (0 Tl © (f> T2 ) x pi. 
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Proof. Suppose first that it is a discrete series representation so that t% is also discrete series. By Thm. 
I8.3[ we know that 9(h) is irreducible. By Prop. 111.11 and Frobenius reciprocity, we see that there is a 
nonzero map 

Vt — >ttMI p (ti,t 2 ). 

Since Ip(t\, t 2 ) is irreducible, we see that II = Ip(j\, t 2 ) and we have the desired equality of L-parameters. 

If 7r is not a discrete series representation, then 7r is of the type occurring in Thm. 18.2^ or (vi). On 
the other hand, we can determine n from Thm. I8.3f vi')fb) or (c). Let us illustrate this for the case when 
7r is as in Thm. I8.2l fvi^l . so that 

7T = 0(T1 HI T 2 ) = Jb(X 2 /X1j X2/Xi; Xl)) 

and Ti 7r(xi:Xi) is non-discrete series. Then 

<p Tl ®<Pr 2 = Xi ©Xi ©X2 ©x 2 - 

On the other hand, since 

^s(x 2 /xi J X2/xi;xi) ^ ^s(xi/x'2:Xi/x2;xi), 

it follows by Thm. IQyi)(c) that 

n = ^s(xi,X2:X2,Xi) 

and so 

<Pn = Xi © Xi © X2 © x'2 

as well. This proves the corollary. □ 



Now we consider the theta lifts of unramified representations. The dual group of GSp 4 is GSp 4 (C) 
while that of GSO(V) = GS03,3 is a subgroup of GL 4 (C) x GLi(C). There is a natural embedding of 
dual groups 

t : GSp 4 (C) ^ GSO(V) v C GL 4 (C) x GLi(C), 

where the first projection is given by the tautological embedding and the second projection is given by 
the similitude character. The following corollary gives the lifting of unramified representations in terms 
of their Satakc parameters. It was stated in [GT1, Prop. 3.4]. 

Corollary 12.3. Let n = 7r(s) be an unramified representation of GSp(W) corresponding to the semisim- 
ple class s S GSp 4 (C). Then 6(ir(s)) is the unramified representation of GSO(V) corresponding to the 
semisimple class l(s) G GL 4 (C) x GLi(C). 



Proof. If ir(s) <-> is(xijX2;x) and we set Xi( TO ) 



V 



vti t 



1E2 



ti and x( n7 ) — v \ then 
\ 

vt 2 



vt 



The unramified representation of GL 4 (i 7 ') x GL\(F) with Satake parameter t(s) is the unramified con- 
stituent of 

x • -ML X2, xi, X1X2) K x 2 xiX2- 

The corollary follows by Thm. IOyi)fc). □ 
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13. L-parameters and Genericity. 

In [GT1], using Theorem 11.11 in the introduction, the local Langlands correspondence for GSp 4 was 
obtained from that for GL2 and GL4. Given an irreducible representation tv of GSp 4 (i 7 '), we briefly recall 
how one obtains its L-parameter: 

<t>„ : WDp =W F x SL 2 (C) — > GSp 4 (C) 

where WDp (resp. Wf) denotes the Weil-Deligne (resp. Weil) group of F. 

Firstly, we note that in [GT1, Lemma 6.1], it was shown that the embedding 

l : GSp 4 (C) ^ GL 4 (C) x GLi(C) 

induces an injection 

$(GSp 4 ) $(GL 4 ) x $(GLi) 

where 11(G) denotes the set of L-parameters of G. In particular, fa can be specified by describing it as 
a 4-dimcnsional representation of WDf and giving its similitude character s\mfa. 

The following describes the construction of fa: 

(a) Suppose that tv participates in the theta correspondence with GSO(D), where D is possibly split. 
Then we have: 

where and have the same central characters. Let <j>i denote the L-parameter of the 
Jacquet-Langlands lift of to GL 2 (L). Then one sets: 

07r = 4>i © 4>2 with sim fa = det fa = det fa ■ 

(b) Suppose that tv participates in the theta correspondence with GSO(V) = GS03,3(L). Then we 
have 

9 WtV (n) =UMfi 

for an irreducible representation II of GL 4 (F) and fi = is such that uju = M 2 - One then sets: 

<fiir = <j>n with sim fa = ji. 

Now by our explicit determination of local theta correspondence, we can explicitly write down the 
L-parameter of any non-supercuspidal representation. This is given in the following proposition. 

Proposition 13.1. Let S n denote the n- dimensional irreducible representation of SL2(C). The L- 
parameter of a non-supercuspidal representation tv of GSp 4 can be given as follows. 

(i) If tv — St(x,r), then 

fa = fa H S 2 : W F x SL 2 (C) — ► G0 2 (C) x SL 2 (C) — ► GSp 4 (C), 
with similitude factor uj t ■ x, so that the composite 

W F — > G0 2 (C) — > G0 2 (C)/GS0 2 (C) s {±1} 
is the quadratic character \. 

(ii) If tv = St(T,fj,), then 

fa = n ■ fa © ( M H S 2 ) : WD F — > (GL 2 (C) x GL 2 (C))° — > GSp 4 (C), 
with sim fa = /1 2 . 
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(Hi) If tt = StpQSp 4 ® X * s a twisted Steinberg representation, then 

fa = X ®S 4 :W F x SL 2 (C) — ► GS P4 (C), 

im'i/i sim = x 2 ■ 

(iv) If tt Iq(z){Xt t ) as i- n Thm. \8,&\f vi)(a), then 

fa = fa © fa ■ x : WDp — »• M(C) — > GSp 4 (C) 
where M(C) is i/ie Lew subgroup of the Siegel parabolic subgroup of GSp 4 (C), and simi^- = % • cj t . 

(v) If tt <-} Ip(y)(t,x) is in Thm. \8.3\f vi)fb), then 

fa = X®X-4>T®Xu T : WDp — ► L(C) — > GSp 4 (C) 

where L(C) is the Levi subgroup of the Klingen (or Heisenberg) parabolic subgroup of GSp 4 (C), and 
sim fa = x 2 ■ ■ 

(vi) If tt <—t Ib{xi-iX2',x) as * n Thm. \8.3\( vi)(c). then 

K = XX1X2 © X © XXi © XX2 ■ WD F — > T(C) — ► GSp 4 (C), 
where T(C) is £/ie diagonal maximal torus o/GSp 4 (C) and sim^ = x 2 XiX2- 

In particular, we see that fa is a discrete series parameter if and only if tt is a discrete series repre- 
sentation. Moreover, the map tt ^ fa defines a bijective map 

n(GSp 4 w \ n(GSpX 3 ™p — ► $(gs P4 w 

where the subscript NDS on both sides stand for "non-discrete series". 

The reader can easily verify that the above L-parameters agree with the prescription given in [RS, 
§A.5]. 

Finally, the following proposition was used in the proof of [GT1, Main Theorem (vii)], which relates 
the genericity of tt with its adjoint L-factor. A proof of this was also given in [AS], but our verification 
is more concise. 

Proposition 13.2. For the L-parameters <j) described in Prop, \13.1l the adjoint L-j "actor L(s, Ad o </>) is 
holomorphic at s = 1 if and only if the L-packet contains a generic representation. 

Proof. This is a simple calculation using Prop. 113.11 and the knowledge of rcducibility points of various 
principal series. But let us make a few simple observations: 

(a) If <f> : WDp — > GSp 4 (C) is an i-parameter, then Ad o <p = Sym 2 <f> eg) sim(i)f)) _1 ; 

(b) If p M S r is a representation of W F x SL 2 (C), then L(s, p S r ) = L(s + (r - l)/2,p). Thus 
L{s,pM S r ) has a pole at s = 1 if and only if p contains the unramified character | — |~( r+1 )/ 2 
(regarded as a character of Wp) as a constituent. 

(c) In the context of Prop. I13.1f iv). (v) and (vi) (but with ^ ^ 1 in case (iv)), the L-packet for fa is a 
singleton set containing only tt. Moreover, tt is generic precisely when the relevant principal series 
containing tt as the unique irreducible submodule is irreducible. This is because the standard 
module conjecture holds for GSp 4 . 



Now we consider each case of Prop. 113.11 in turn. 
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(i) If 7T = St(x, t), which is generic, then by (a), 

Ad o fa = (x • Ad(fa) H S 3 ) © ( X E St) 

so that 

L(s, Ad o fa) = L(s + 1, Ad(fa) x x) • i(s, x)- 

Since the only 1-dimensional characters in Ad(fa) are precisely those quadratic \k such that t®\k = t, 
we see that L(s, Ad o fa) is holomorphic at s — 1 by (b). 

(ii) If 7r = St(r,fi), which is generic, then by (a), 

Ado fa = Ad(fa) ffi(lB S3) © (fa E S 2 ). 

If t is supercuspidal, then as in (i), the only characters contained in Ad(fa) are quadratic. It follows by 
(b) that the adjoint L-factor is holomorphic at s — 1. On the other hand, if t — st x is a twisted Steinberg 
representation with \ a non-trivial quadratic character, then 

Ad o fa = 2 • (1 El S3) © (x E S 3 ) © (x E Si). 

It follows from (b) that the adjoint L- factor is holomorphic at s = 1. 

(iii) If 7r = StpQSpi © Xj which is generic, then by (a), 

Ado fa = (1 E S3) © (1 IS Sr), 
so that L(s, Ad o 0„.) = f(s + 1) • £(s + 3), which is clearly holomorphic at s = 1. 

(iv) If 7r ^> Iq(z){Xi t )i where |x| = | — \~ s ° with s > 0, then 

Ad o W = x • Ad(0 T ) © x" 1 • Ad(fa) © (</> T ® 

If r is supercuspidal, then it follows from (b) that the adjoint L-factor is non-holomorphic at s — 1 if and 
only if there is a quadratic character xo such that 

t®Xo = t and X'Xo = \-\~ 1 - 
Similarly, when r = st^ is a twisted Steinberg representation, then 

Ad o fa = ((x © 1 © x" 1 ) H S 3 ) © (1 IS Si). 
By (b), it follows that the adjoint i-factor is non-holomorphic at s — 1 precisely when 

x = M~ 2 - 

Comparing this with Lemma 15.11 and taking note of (c), we see that when x 7^ 1? 71 is non-generic iff 
7q(2)(X: t ) is reducible iff the adjoint L-factor is holomorphic at s = 1. If x = 1, then Iq(z)(]-,t) is the 
sum of two representations which form an L-packet. This L-packet thus contains a generic element and 
the adjoint i-factor is indeed holomorphic at s = 1. 

(v) If 7T <^-> Ip(y)(r, x), where |w T | = | — |~ s ° with s > 0, then by (a), 

Ad o fa = u T © w" 1 © T © 0" 1 © Ad(fa) © 1. 

If r is supercuspidal, it follows by (b) that the adjoint L-factor is non-holomorphic at s = 1 precisely 
when 

Similarly, when r = st^ is a twisted Steinberg representation, then 

Ado 4, = (( M 2 © [i~ 2 © 1) IE Si) © (m © M _1 ) E S 2 ) ©(IE S 3 ). 
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By (b), it follows that the adjoint L- factor is non-holomorphic at s = 1 iff 

= i - r 1 or A1 = i-r 3 / 2 . 

In view of (c), a comparison with Lemma 15.21 gives the desired result. 

(vi) If 7T Ib{xi-i X2]x)i then it follows by (a) that Adocp^ is the direct sum of the following 1-dimensional 
characters: 

Xf \ Xt l , (XiX2) ±1 , (Xi/X2) ± \ 1 (with multiplicity 2). 
By (b), the adjoint L- factor is non-holomorphic at s = 1 precisely when one of the above character 
is equal to | — By [ST] (see also [RS, Pg. 37]), this is precisely when the induced representation 
Ib{xiiX2',x) i s reducible so that 7r is non-generic. This proves the desired result. 

□ 



14. Tables of Explicit Local Theta Correspondence. 

In this section, we display the results of local theta correspondences in the form of tables. Note 
however that, unlike Thms. 18.11 18.21 and 18.31 we have described the representation 7r in terms of the 
usual Langlands classification, so that 7r is the unique irreducible quotient of a standard module. So, 
for example, J(7r(xi, X2)) stands for the unique irreducible quotient of the principal series representation 
7r(xi,X2) ofGL 2 (F). 
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Table 1 . Explicit theta lifts from GSp 4 







7T 


0(3,3) M 


0(2,2) (7r) 


0(4,0) (71") 




a 


not a lift from G0 2j2 or GC>4 ; o 


S.C. 








s.c. 


b 


9(T! Bt 2 ), n + t 2 , both S.C. 


7p(ri,T 2 )Klw ri 


ti Hr 2 







c 
















a 


St( X ,r) 


St(T) H WtX 








D.S. 


b 


St(T,li) 


7p(r ■ fj,,st- fi)M n 2 


(t • /i) E Stf, 







c 


St PG s Pi ® x 


St PGU M x 2 










a 


Jq(z)(x,t), x ¥= i 


Jp(t ■ X,T) MUJ T X 










b 






J P (r, t) Mlo t 


r Kl t 





N.D.S. 


c 


^Q(z)(1.t) 


7T = 7T„ 9 (t) 








t d Mt d 




d 


Jp(Y){t, x) 


Jq(u t ,t,1)'XKxV 


(t-x)B J(7r(w rX ,x)) 







e 


Jb{xi,X2;x) 


X ■ Jb (XiX2,Xi,X2, 1) 
^X 2 XiX2 


^Wxxi,xx2)) 






Table 2. Explicit theta lifts from GS0 2 ,2 to GSp 4 





ti Klr 2 


0(ti Bt 2 ) = 6»(t 2 Hti) 


a 


Tl = T 2 = T = D.S. 


7Tgerj(T) 


b 


ti ^ t 2 both S.C. 


S.C. 


c 


Tl = S.C, T2 = St x 


Si(Ti®x _1 ,x) 


d 


Tl = St Xl , T 2 = St X2 , Xl ^ X2 


St ( st Xi/X2>X*) = St(si X2 / Xl ,Xi) 


e 


n=D.S., t 2 = J(7r(x',x)) 


Jp(y)(n <8>x _1 ,x) 


f 


n = J(7r(xi,Xi)), 7-2 = J(7t(x 2 ,X2)) 


^s(x 2 /xi,X2/xi;xi) 



Table 3. Explicit theta lifts from GSO 4 , to GSp 4 





if M Tf 


e(T 1 D Br 2 D )=S(r 2 D Sr 1 D ) 


a 


T D =T D =TD 


n ng (JL(T D )) 


b 




non-generic, S.C. 
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Appendix A. Jacquet modules of the Weil representation 

In this appendix, we give a detailed computation of the Jacquet module of the (induced) Weil repre- 
sentation. We deal not only with the dual pairs for the small ranks we worked with but for all ranks. 
Hence throughout this appendix, (V m , (— , — )) will denote a symmetric bilinear space with dim F m = m 
even and (W n , (— , — )) a symplcctic space with dim W n — 2n. And xv denotes the character of V m as 
usual. We fix a polarization 

Vm = X r + Van + A* 

of V m where X an is anisotropic and X r + X* = H r . We let {v\, . . . , v r } (resp. {v±, ...,«*}) be a basis of 
X r (resp. X*) with (vi,v*) — Sij. Also we fix a polarization 

w n = Y n e y: 

of W n and we let {ei, . . . , e„} (resp. {e*, . . . , e* }) be a basis of Y n (resp. Y*) with (a, e*) = Sij. 
Let 

Rm,n = R = GO(V m ) x GS P (M/„) + 
and u} m ,n = wv m w n be the Weil representation of 

Ra = {(h,g) G Rm,n ■ • ^w{g) = 1}- 

Note that in this appendix, we consider various subspaces of V m and W n and their similitude groups. For 
the similitude characters of those similitude groups, we always use the same symbols Ay and Aw because 
this will not produce any confusion. Also let 

be the induced Weil representation of GO(V m ) x GSp(W„). 
Now let 

X t — span{t>i, . . . , vt} and A t * = spanjw^, . . . ,v%} 

and write 

V m = X t + V mo +X* 

so that V mo = V an + H r - t and 

dim V,n = m = m — 2t. 
Let P{X t ) be the parabolic subgroup that stabilizes X t . Then we write 

P(X t ) = M(X t )N(X t ) 

where M(X t ) = GL(A t ) x GO(V^j ) is the Levi part and N(X t ) is the unipotent part. We use [a,h] to 
denote an element in M(X t ) where (a, h) g GL(A t ) x GO(V^ ). 
Next let 

Yfe = spanjei, ...,e k } and Y k = spanje^, ...,e k } 

and we write 

W n = Y k + W no + Y k * 

so that 

dim W no = 2n = 2(n — k). 
Let Q(Yfc) = M(Y k )N(Y k ) be the parabolic that stabilizes Y k , so that M(Y k ) = GL(Y k ) x GSp(W„ ). 
We use [b,g] to denote an element in M(Y k ) where (b,g) G GL(Y k ) x GO(W n _fc). 

Then we compute the Jacquet modules Rp(x t )(^m,n) an d RQ(Y k )(^m,n) of £l m .n along the parabolic 
subgroups P{X t ) and Q(Y k ), respectively. For the former, assuming t > k, let 

X t - k = spanjwi, . . . , v t _ fc } and X*_ k = span{wj , . . . , v*_ k } 

and P{X t - kl X t ) be the parabolic subgroup of M(X t ) that preserves the flag 

c x t ^ k cx t c v m , 
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SO that 

P(X t _ k ,X t ) = R(X t _ k ,X t ) x GO(V mo ), 
where R(X t _ k ,X t ) is the parabolic subgroup of GL{X t ) that preserves C X t -k C X t , i.e. 

R(X t _ k ,X t ) = {a= ^ : a t G GL(X t _ k ),a 2 e GL(X' k )}, 

and 

X' k =span{u t _ fc+ i,...,?; t } and X' k * = span{v t *_ fe+1 , . . . , t> t *}. 
For the latter, assuming fc > i, let 

Y k - t = span{ei, . . . , e fc _ t } and Y k _ t = span{e 1; . . . , e%_ t } 

and Q(Y k _ t , Y k ) be the parabolic subgroup of M(Y k ) that preserves the flag 

o c y fe _ t c y c w n , 

so that 

Q(y fe - t ,y) s R(Y k _ t ,Y k ) x gs p (^„ ), 

where R(Y k ^ u Y k ) is the parabolic subgroup of GL(Yfc) that preserves C Y k _ t C y., i.e. 

ii(Y fc _ t , K fc ) = {& = fo * ) : 6i G GL(F fe _ t ), 6 2 e GL(Y/)}, 

and 

Y/ = span{e fe _ t+ i, ...,e k } and Y fc '* = span{e£_ t+1 , . . . , e* k }. 

Then we have 

Theorem A.l. The normalized Jacquet module Rp<x t ){^m,n) of the Weil representation H, m ,n along the 
parabolic P{Xt) has an M(Xt) x GSp(W n ) invariant filtration 

{0} C J(™{*.«» C • ■ • C JW C J(°) = fl P(Jft )(fi m>n ) 

wii/i ifte successive quotient 

J k ■= J k /J k+1 = ^P^f t )Z(n)^ (S(lsom(X' k ,Y k )) ® ft roo , n _ fe ), 
where Sl mo ^ n - k is the Weil representation of the group GO (V mo )xGSp(W n - k ), and the group P(X t - k , X t )x 
Q(Y k ) + acts on S(lsom(X' k , Y k )) as follows: Let ip(A) G S(lsom(X' k , Y k )). Then each element 7 h] E 

P(X t _ k ,X t ) acts as 



ai * 
a 2 



, ft] • <p(A) =xy(dcta 2 )|A y (ft)| eo |deta 1 | e V(^a2) 



where 



e = --Am - 2t)k - \tn + \mt - \t{t + 1) 
4 2 4 4 

e 1 =n--m+-t--(k-l), (fork<t) 

and each element [b, g]n € Q(Yfc) acts as 

[b,g]n-<p{A) = lAw^l^VCAw^fc -1 ^), 

wftere 

fo = ~kn+^k(k-l). 

Note that the induction is normalized. 
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Theorem A. 2. The normalized Jacquet module RQry k )(£l m , n ) of the Weil representation Vt m ^ n along the 
parabolic Q(Y%) has an GO(V m ) x M(Yk) + invariant filtration 

{0} C c • • • c J« C J(°) = R Q{Yh) (Q m , n ) 

with the successive quotient 

Jt ;= jtjjt+i s ® O m _ 2t ,„o), 

where rt m ~2t,n Q is the Weil representation of the group GO{V m -2t) x GSp(W / rt0 ) ; and i/ie group P(Xt) x 
Q(Yfc_ t ,Yfe) + acts on 5(Isom(3^', -Xt)) as follows: Let ip(A) £ S(Isom(y^', X t )). TTien eac/i element 

i^ 1 ,g] G Q(Yfc_t, Yfc) + acts as 

, <?] ■ = X v (det ) X v (det 6 2 ) | \ w (g) | e « | det 6 a | e V( Ab 2 ) 



02 



whe 



en = — tin — k) mk H — kn k(k — 1) 

2 v > 4 2 4 v ; 

ei = -m-n + -k- -(i + 1), (fort<k) 

and each element [a,h]n G P(Xt) acts as 

[a, h]n ■ <p(A) = |A y (/ l )| / V(Ay(^)a- 1 A), 

w/iere 

/ = -imt+-t(t + l). 

Note that the induction is normalized. 



Remark A. 3. If ran or n — k in fl ma .n-k (resp. m — 2k or uq in Cl m —2k,n ) * s zero, then Cl mo ,n-k 
(resp. Slm-2k,n a ) is the induced representation of the trivial representation. For example if mo = 0, then 
Qrn ,n-k is realized in the space S(F X ) where ([1, A], [1,5]) acts as ([1, A], [1,5]) ■ f{x) — (x ■ X ■ Xw{9)) 
for A G GLi, g e GSp„_ fe and f £ S(F X ). 

Remark A. 4. Note that the roles of k and t are switched in Theorems \A.l\ and \A.Si 



Remark A. 5. For an induced Weil representation £l\y,v , and any character x, on & has 

£lv,w ® ((x ° -W) Kl (x ° Ay)) = &w,v- 

Thus, in Theorems \A . 1\ and \A.SHi one could replace the pair (eo, fa) by (eo — /o, 0). Now observe that when 
k = t in Theorems \A.l\ and \A.2\ one has eo = fa- Thus, for k — t, one could simply take eo = fo = 0. 

Remark A. 6. One can obtain the analogous theorems for the isometry case simply by replacing the 
induced Weil representation £l mo ,n-k (or tt m -2t,n ) °V the Weil representation u mQ , n -k (or uj m ^2t,n a ) and 
disregarding the similitude factors. For example, the Jacquet module Rp{x t ){ ljJ m,n) along the parabolic 
P{X t ) of 0(V m ) has the analogous filtration where each successive quotient has the inducing data of 
the form S(Isom.(X', , !&)) ® uJ mo .n~k where the action of the relevant subgroup of 0(V m ) X Sp(W n ) on 
S(lsom(X' k , Yk)) is simply the restriction of the similitude case. And the similar statement holds for 

-^<2(V fc )( w m,n)- 
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.91 = 9 



The rest of the appendix is devoted to the proof of those theorems. The proof in the context of the 
isometry groups appears in Kudla (|K). Our proof closely follows Kudla's computation, though we give 
more details. Also in [K , Kudla considers the Jacquet module along the parabolic of the symplectic 
group, but we do the other way around. Namely we consider the Jacquet module Rp(x t )(Qm.n) along 
the parabolic P{X t ) of GO(V m ) i.e. Theorem lA.il and leave the other case to the reader. 

First recall that 

W := V m <E> W n 

is equipped with the obvious symplectic structure {{—,—)) and for each polarization W = Y + Y*, 
the Weil representation uj m ,n can be realized in the space S(Y) of Schwartz functions on Y called the 
Schrodinger model of uj miTl with respect to the polarization. To compute the Jacquet module of the 
Weil representation uJ mn , one needs to consider the Schrodinger models for various polarizations. First, 
consider the Schrodinger model with respect to the polarization 

W = V m ® Y* + V m ® Y n 

so that Lo m:n is realized in the space S(V m ®Y*). Then each (h,g) € Ro acts as 

(h,g)ip(x) = \\ w (g)\i mn u mtn (l,gx) ■ (pih^x) 

where 

'Xwig)- 1 ^ 
o i y 

and u>m,nO-i 5i) is the action of the Weil representation for the usual isometry group. 
Next let t < r and too be such that 2t + mo = to. Consider 

V m = X t + V mo + X* 

where X t , V mo and A t * are as above. Then we compute the Jacquet module of £l m>n along the parabolic 
subgroup P(X t ) = M(X t )N{X t ) of GO(V^). Let N(X t ) be the center of N(X t ), so that it fits in the 
exact sequence 

1 — > N(X t )a — > N(X t ) — > Hom(V ma , X t ) — > 1. 
Indeed in terms of the obvious matrix realization of GO(T^„), N(X t ) is written as 

(1 c d — ic o c*\ 
1 -C* j :ce Hom(V ma ,X t ),de Hom(X;,X t )}, 

where c* is the adjoint of c, i.e. c* S Hom(X^ , V mo ) such that 

(cv, u) = (v, c*u) for v £ V m „ , u e V mo , 

and d is such that (dxi,X2) — (xi,—dx2) for all x±,X2 € A t *. Note that if we make the identification 
Hom(Xf , X t ) — GL t with respect to the above chosen bases of X t and A t *, we have *d — —d. Note that 

/I d\ 

N(X t ) o = {n{c,d):c=0} = {\ 1 \: t d = -d}. 

Now we consider the polarization 

W = Y* + Y = (W n ® X; + V mo ® Y*) + (W n ® X t + V mo ® Y n ) 
to realize the Weil representation u> m ,n of Ro C GO(V m ) x GSp(W„) + . So the space of w m! „ is 

s(y*) = s(w n ® x; + V mo ® Y*) S S(W n ® X* t ) ® S(V ma ® Y*). 
Now for any subgroup H of i?, let us define 

i?o(#) := i?o nfl". 
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Write 



w n ® xi = y n ® x; + y: ® 



and denote each clement w G W n ® X t * as 



where y E Y n ® XI and y* G F„* ® X t *. Then the action of i? is described as follows: Let ([a,h],g) E 
R {M{X t ) x GSp(iy„)+) where (a, ft) G GL(X t ) x GO(V mo ). Then for My + V*) ® <fo(aO G S(W n ® 

x t *)®s(v roo ®y„*), 

([a,ft],fl)-</»i(j/ + y*)®^2(a;) 



where x G F mo ® F^, and a* G GL(X t *) is such that (axi,X2) = (xi,a*X2) for all x\ G -Xf and X2 G X t *. 
Note that w TO0; „ is the Weil representation for the pair (GO(Kn ), GSp(VK„) + ). Also the action of N(X t ) 
is described as follows: Let <j>{y + y* + x) G 5(Y*) = 5(W„ ® X t * + V TO0 ® F„*). Then 



where p is the action of the Heisenberg group H(W) in S(Y*). Those actions can be shown by looking 
at how Rq acts on the Weil representation realized in the space 



JY'®X t \y* I 

where y + x + y* G Y n ® X* + V mo ® Y* + Y* ® X* and z G Y* ® X t . For example, let [a, 1] G M(X t ). 
Then 



Jv*®x t \a*y*J 
= I det a\ n T{ip){a*y + x + a*y*). 

In particular, the group N(X t )o simply acts as multiplication by tjj(((y,dy*))). It is easy to see that 
{{y,dy*)) = l((w,dw)), where 10 = y + y* G W n ®X?. Now let 

Wo = {w E W n ® X* t : ((w, dw)) = for all d = -*d}. 



det a |"| A y (ft) I" ( ( 5 r 1 ® a * ) (y + Ay (ft) - 1 y * ) ) ® uj ma ,„ (ft, 3 ) 2 (*) 



n(c, d) • 0(y + x + y*) - dy*)))p{-c*{y + + x + y*) 




[a, 1] • ?(<p)(y + x + y*) = F{[a, 1] • ip){y + x + y*) 
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If we write w = 5Z* =1 uii ® v*, we have ((w,dw)) — J2i=£j ( w ii w j)( v ii dv*). Since for each pair i and j 
with i ^ j one can choose d so that ^^{wi, Wj)(v* , dv*j) — 2{w il Wj) 1 we have Wo = {w e W n ® X% : 
(wi,Wj) — 0}. Or by identifying W n <8> -X't* with Hom(X t , W n ) in the obvious way, one can see that 

Wo-{^ ffom(X t , W n ) : -)) = 0}, 

where </>*((—,—)) is the pullback of the symplectic form (— , — ) on W n to X t via 0. Then it is clear that 
the restriction map 

s(w n <g> x*) ® s(v roo ® r„*) -> s(w ) ® s(v mo ® r„*) 

induces an isomorphism 

Kn) W ( X()o = S(Wb) ® 5(K l0 ® O 
We can decompose the space Wo as 

min{£ ,n} 

Wo - W , k 

fe=0 

where 

Wo,fc = {4> G W : dimlm^ = fc}. 
Define T« C S*(W ) 5(F mo ® F„*) by 

T( fe ) = G S(W ) : ip\ WOii = for all i < fc} ® 5(K l0 ® O 

Clearly r( fc+1 ) C T< fc ). One can see that each is invariant under R (P(X t ) x GSp(W„) + ), and 
moreover we have a short exact sequence of Ro(P(X t ) x GSp(W„) + ) modules 

o r( fe+1 ) -> -> s(Wo, fc ) ® 5(y mo ® y n *) -> o, 

where the map — > S(Wo,k) ® £(V^ra ® 5^) is the obvious restriction map. Hence we have an 
Ra(P(X t ) x GSp(W / Tl ) + ) invariant filtration 

{0} C T< min {^"» C • • • C T« C t(°) - S*(W ) ® s(y mo ® F„*), 

where the successive quotient is given by 

T k ._ T (k) /T (k+i) = S (W ,k) ® 5(F mo ® Y*). 

Then we have 

Lemma A. 7. There is an isomorphism of P{X t ) x GSp(W n ) + modules 

{tt m ,n)N(x t ) = (ind% u min ) N{Xt)o indQfy*^^£ n )+) S*(W ) <8> S(Vm ® F„*). 
Moreover the above filtration induces a P(X t ) x GSp(W„) + invariant filtration 

{0} c f c • • • c f w c f(°) = s*(w ) ® s*(k„ ® y n *), 

w/iere 

f(k) _ ■ f] P(X t )xGSp(W n )+ T (k) 
and the successive quotient is given by 

T k := f W/f ( fc+1 > - ir^Z\^S& n)+) S{W 0tk ) ® S(F mo ® O 
Proof. This follows because an induction is an exact functor. □ 
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Now we will describe the representation T of P(Xt) x GSp(W„) + in terms of a certain induced 
representation, and then compute T^f, x \, which gives the desired filtration of the Jacquet module of the 
Weil representation fi m0i „. For that purpose, we need to describe the representation T k = S(W ^ k ) <8> 
S{V mo <X> Y*) of Ro(P(X t ) x GSp(W n ) + ) in terms of an induced representation. For this, let us write 

Ro(P(X t ) x GS P (VK„) + ) = R (M(X t ) x GSp(VK„)+) x N(X t ) 

and fix wo G Wo, k given by 

w = ei <E> Vt_ k+1 +e 2 <E) v^_ k+2 H h e k <8> . 



Let 

Recalling 
we have 



H = {{[a,h],g) G i?o(Af(X t ) x GSp(W»)+) : (ft -1 ® a*> = wo}. 
Y k =span{ei,...,e fe }, 



H C i? (M(A t ) x Q(F fe )+) 

where Q(Y k ) + C GSp(M / rl ) + is the maximal parabolic that preserves the flag C C W n . Recall we 
denote each element q £ Q(Y k ) + by 

q = [b, g]n, [6, g] G M(y fc ) S GL(y fe ) x GSp(W4_ fc ) + 

where 6 G GL(Y/ £ ), 5 G GSp(W / n _ / t) + and n is in the unipotent radical of Q(Y k ). So each element in can 
be denoted by ([a, ft], [6, g]n) where [a, /i] G M(X t ) and [6, gjn G Q(Y k ). Then we define a representation 

(T k ,s(v mo ®Y:)) 

of x N(X t ) on the space S'(K ri0 <g> Y^f) as follows: For ([a, ft], q) G -ff, we define 

r k ( [a, ft] , q) = £(det a) I Ay (ft) I " ^ tn w mo ,„ (ft, «) , 
where w m0i „ is the Weil representation of the pair (GO(V mo ), GSp(W n ) + ) and 

£(deta) = I deta|™. 

Also for n(c,d) G N(X t ), 

T k (n(c,d)) = po{~c*w ) 

where po is the action of the Heisenberg group H (V mo ®W n ) on S(V mo ®Y£). Note that — c*Wq 6 V mo ®W n 
and hence the action of po(— c*wq) on S(V mo ® makes sense. Then we have 

Lemma A. 8. There is an isomorphism 

T k ■jRo(M(X t )xGSp(W n ) + )KN(X t ) k 

of R (M(X t ) x GSp(VK„)+) x N{X t ) -modules. 

Proof. The proof is almost identical to Lemma 5.2 of [K]. □ 
We would like to compute T k N ( Xt )- But as in [Kj Lemma 5.3], we have 

Hence we first compute r k N ( Xt y For this purpose, let us write 

y* _ y* 1 y/ * 

where Y k — span{e*, . . . , e k } and Y^_ k * = span{e^ +1 , . . . , e* }, and consider the polarization 

V mo <g> W n = (V mo ® Y*) + (V mo g> F„). 
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Then we can write the Schwartz space as 

s(v mo ® y*) = s((v mo ® Y k *) + (v mo ® - 5(F roo ® y fc *) ® s(F roo ® r^*), 

where S{V mo ®Y^_ k ~) provides a model of the Weil representation uj mo . n -k for the pair (GO(V mo ), GSp(W„- 
Note that for ^ 1 (x 1 )®i P2 (x 2 ) G S(V mo ®Y k *)®S(V mo ®^_ fe *)> each '([1, ft], [b,g]) e fl (M(X t ) x M{Y k )) 
acts as 

WmcndU], [b,9]) ■ <fl(xi) ® Vl{x 2 ) 

= e'(dct(A w ( 3 )- 1 6))|A y (^)ri mo Vi((^ 1 ®A H ,( ff )- 1 6*)x 1 )® Wmo , n _ fc (^ 3 )^ 2 (x 2 ), 

where 

£,'{x)=xv{x)\xf?- hixGF x . 
Then let us define a representation 

(u ,S(V mo ®Y;_ k *)) 

of by 

wo ([a, ft], [b,ff]n)<p = £(det a)£, / (dct(\ w (gy 1 b))i](\ v (h))oj ma . n - k (h, g)tp 
for ([a, ft], [6,.g]n) e if C R (M{X t ) x Q(F fe )+) and V e S(y mo ® y^_ fe *), where 

V (\v(h)) = \\v(h)l 

Then 



Lemma A. 9. There is a natural isomorphism of H -modules 
induced by the surjection 



T JV(X t ) = w o 



s((y mo ® y fc *) + (v mo ® )) -» s(F roo ® ) 



defined by ip(xi + .t 2 ) i-> <^(0 + .t 2 ) wftere x\ e V^ ® y fc * ^2 £ K„ ® 



Proof. Since — c*xo £ Kri ® Yfe, we have 

T k (-c*x )tp(x 1 + x 2 ) = po(-c*x () )lp(x 1 + x 2 ) = i>(((xi, -c*x )))<p(xi + x 2 ). 
By looking at this action, one can easily see that the lemma follows. □ 
Thus we have proven 

1 N(x t ) — tna H cj - 



Now let 
where 



X t -k = span{ui,...,u t _ fc } 
and P(X t _k,X t ) is the parabolic subgroup of M(X t ) that preserves the flag 

{0}CX t _ fc CX t CT/ m . 

Note that 

P(X t _ k ,X t ) = R(X t _ k ,X t ) x GO(V mo ), 
where R(X t _h,X t ) is the parabolic subgroup of GL(X t ) that preserves C X t - k Q X t , i.e. 

R(X t _ k ,X t ) = {a = ^ : ai G GL(X t _ fc ),a 2 e GL(^)}, 
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where 

X' k = span{u t _ fc+ i, . . .,»„}. 

Then we have 

In what follows, we realize Htk in a more concrete space. For this, let lsom(X' k , Yk) be the space of 
isomorphisms from X' k to Y k as vector spaces. Note GL{X' k ) x GL(Yfe) acts on this space in the obvious 
way. One can also see that 

H = {([( ai a *J ,h], [b,g]n) G P(AVfc, A t ) x Q(y fc ) : (A w (<?)& _1 ® a* 2 ) ■ w = w }. 

Notice that if I G Isom(JTjL, F^) is such that I(v t -k+i) = then 

(Xwig^' 1 ® a* 2 ) ■ w Q = w 6 = /A w (g)a 2 / _1 . 

Also notice that the set 

{([(* a *J , 1], [1, 1]) G P(X t _ fc , X t ) x Q(y fc ) : a 2 G GL(X^)} 
is a set of representatives of 

H\P{X t _ k ,X t )xQ{Y k ). 

Then we have 

Lemma A. 10. There is an isomorphism 

m = ind^ {P{Xt - k ' Xt)xQ{Yh)+) Lo a = SQsom(X' k ,Y k ))®wo 
of Ro(P(X t -k,X t ) x Q{Y k ) + ) -modules, where each ([( ai a * 2 ) , h], [b, g]n) acts in the following way: 

([( ai a *),/i],[Mn).^) 

= £(det a 2 )£'(det a 2 )£(det ai)?7(Ay (h))w m0in _ fe (/i,5)<p(A w (5)& _1 Aa2), 
w/iere A G lsom(X' k , Yk), and we identify each element <p G S(lsom(X' k , Yk)) <S> wo with 

ip : lsom(X' k ,Y k ) -> cj - 

Proof. Define 

a : J n4 o(P(Xt - fc ' Xt)xQ(n)+) Wo -> S(Isom(^, F fe )) ® a; 

by 

a(F)(A)=F([l,l],[M- 1 ,l])ea;o ) 
where F G md2° (P(Xt " fc,Xt)><Q(yfc)+) wo and ([1, 1], [/A" 1 , 1]) G P(X t -k, X t ) x Q{Y k ), and also define 
f3 : 5(Isom(^,y fc )) ®w ind*° (P{Xt - k > Xt)xQ(Yk)+) uj 

by 

/%)([( fll a *) ,/i],[6,ff]n) =c.o([( ai *J ,/.],[/A lv ( 3 ) a2 /- 1 , 3 ]n)^(A w ( 3 )b- 1 / a2 ), 

where we identify each element <p G S(lsom(X' k ,Yk)) <X> wo with 93 : Isom(X£, Yfc) — > cjq- Then it is 
straightforward to verify that a and /3 are inverses to each other. 
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Also one can see that this map indeed intertwines the actions of Ro(P(Xt-k,Xt) X Q(ife) + ) by con- 
sidering 



^(m([[ ai *J ,h],[b, g]n)F){A) 



F([(^ ai *^),h},[IA-%g]n) 

ojodf^ 1 *) , h], [IX w (g)a 2 I-\g)n)F([l, 1], [IXwig^a^T 1 A-\ 1]) 

= £(det a 2 )C'(det(A H '(ff) _1 /Av V (.g)a 2 /- 1 ))e(detai)r/(Ay(/i))w m0! „_ fc (/i,. 9 )Q ; (F)(Avy(5)& _1 J 4a2) 
£(det a 2 )£'(det a 2 )^(detai)r/(Ay(/i))a; mo ^ l _ fe (/i,5)a(F)(Ai V (.g)6 _1 Aa 2 ). 

□ 



This lemma gives 



T k ~ ,W«o(M(X t )xGSp(W„) + ) 

J X(X t ) - ma i?. (P(X t _ fc ,X t )xQ(Y fc ) + )^- 



Recall that we have been trying to compute 2^(x t ) — (* n ^p^(x^x P GSp(w )+) ^ fe ^)iV(x t )- But note 
that 

T fe ^ ,P(X t )xGSp(W„) + T fcx 
J JV(X t ) - y ma R (P(X t )xGSp(W n ) + ) 1 )N{X t ) 

^ /. ,(M(X t )xGSp(W„)+)KiV(X t ) T fcN 

— l«"-« flo ( M (x t )xGSp(W„) + )xX(X t ) J >N(X t ) 

^ . ,M(X t )xGSp(W„)+ v 

— ma P (M(X t )xGSp(W„) + ) l J X(X f )Jj 

where the last isomorphism can be proven in the same way as [Kl Lemma 5.3]. Therefore by inducing in 
stages, we obtain 

f k ^ ?W Af(X t )xGS P (W„) + 

^ . ,M(X t )xGSp(W„)+ / ,P(X t _ (c ,X t )xQ(Y (c ) + 
- ma P(X t _ fc: X t )xQ(Y fc )+ ^ ma P. (P(X t _ fc ,X t )xQ(y fc ) + )A i tfc 

Now let (cr t fc, 5(Isom(X^., Yfc))) be the representation of R (P(X t -k, X t ) x Q(Yfe) + ) defined by 
o-tfc(([r X a *) ,h],[b,g]n))<p(A) = e(deta 2 )^(det a2 )e(deta 1 )? 7 (Ay(/ l ))^(A w ( ff )^ 1 Aa 2 ) 

so that 

Remark A.ll. At this point, one can derive the isometry version of the theorem simply by restricting 
fj,tk to the corresponding isometry group, and writing down the induction in the normalized form. 

We need to extend Utk to a representation of P(X t -k, X t ) x Q{Yk) + ■ Namely define the representation 

(a tk ,S(lsom(X k ,Y k ))) 



THETA CORRESPONDENCES FOR GSp(4) 45 

ofP(X t - k ,Xt) x Q(Y k )+ by 

cr tfc (([a, ft], [b,g]n)MA) = V (X v (h))a tk ([a, 1], [X w (g)~ 1 b, l])<p(A) 

= £(det a 2 )£'(det a 2 )£(det a 1 )r)(\ v (h))ip(\ w {g)b~ 1 Aa 2 ), 

where 

a = 

Then we have 



a\ * 

d2 



Lemma A. 12. There is a P(X t _k,X t ) x Q(Y k ) + -isomorphism 

in ^Ro(P(X t _k,X^xQ(Y k ) + ) (Ttk ® W mo,n-fc — ^tfc ® ^m ,n-k, 

where Q m0tn -k * s ^ e induced Weil representation of the pair (GO(V mo ), GSp(W„_fc)). 
Proof. Define 

a : ind P ^-£*^^ {Yk)+) o-tk ® u mo ,n-k -> <^fc ® fim ,n-k 

by 

a(F)(A)(ft', = niXvih^Fdl, ft'], [X w (g'),g'})(A) 
for A G Isom(^,Yfe) and (ft', 3') G GO(V„ l0 ) x GSp(W„_ fe ). One can verify that indeed a(F)(A) G 
^m ,n-fe- Here note that we identify an element a(F) G lsom(X' k7 Y k ) ® ^m ,n-fe with a map 

,71 — fc 

and so a(F)(A)(h' , g') G w mo ^ n _fc. Also define 
by 

/3($)([a, ft], [6,.g]n)(A) = n{\ v {h))a tk {[a, 1], [A^(fif) _1 6, l])<f(A)(ft, <?), 
for A G Isom(A^,Yfe) and ([a, ft], [6,5]) G P(X t - k ,X t ) x Q(Yfe) + . One can verify that /?($) is indeed in 
the induced space. Then by direction computation, one can see that a and (5 are inverses to each other. 
To see that a is intertwining, consider 

a(([a 7 h} 7 [b 7 g]n)-F)(A)(h',g') 

= niXyih'))- 1 ^, ft], [b,g]n) ■ F)([l, ft'], [A^( 5 '), ff'])^) 
= r ? (Ay(ft'))- 1 F([a, ft'ft], [A w ( 3 ')ft 5 '. 9 ]n)(A) 

= rKAvCftOr W([a, 1], [A^Cg)-^, l])^(Ay(ft'fe))r ? (Ay (ft'ft))- 1 ^ ([1, ft'ft], [X w (g' g), g' g])(A) 

= r}(\ v (h))a tk ([a, 1], [A^^)"^, l])a(F)(A)(ft'ft, 3 ' 5 ) 

= a tfc ([a,ft], [6, g}n)a(F)(A)(h'h,g'g) 

= a tk ([a,h], [b,g]n)n mo ,n-k(h,g)a(F)(A)(h',g'). 

□ 



Note that the induction ind has not been normalized. To express it in the normalized way, recall the 
modular characters for the parabolic subgroups involved: 

S Ri x t ^x t) ([( ai a *)]) = Ideta^ldeta^-C-*) 

5 P{Xt) ([a,h]n) = |det a r-*- 1 |A ymo (ft)|-^+^+ 1 ) 
6 Q{Yk) ([b,g]n) = |det6| 2 "- fe+1 |A w ( 5 )|- fe "+^( fe - 1 ). 
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Hence we obtain each quotient of the filtration of the normalized Jacquet module as 

T k j ,M(X t )xGSp(VV„) + /_ _ n wr XX \-i 

J = M(l p ( Xt _ ktXt)xQ( y k)+ (atk ®Mm o ,n-k)[0R(X t - h ,X t )Op(X t )(>Q(Y k )) 2 

where the induction is also normalized. By writing down the characters involved explicitly, we see that 

jfc = Ind Af(A t )xGSp(W„) + 



P(X t _ t ,X t )xQ(y t )+( 5 ( ISOm K' y *)) ® n mo ,n-k): 



where the group P(X t -k, X t ) x Q{Yk) + acts on S(lsom(X' k ,Yk)) as follows: Let ip(A) G S(lsom(X' k , Yfe)). 

Then each element [( Gl ) , h] G P(X t -k, X t ) acts as 
V a 2/ 



a.2 



,h] ■ <p(A) = xy(deta 2 )|Ay(/i)| eo |detai| ei |deta 2 | e V(^a2) 



where 



e = --fm - 2t)k - -tn + -mt - -t(t + 1) 

1 1 !/, \ 
e x =n--m+-t--(fe-l) 

e 2 = n- i(fc - 1), 
and each element G Q(Yfe) acts as 

[6, fl ]n- y>(A) = |A w ( 5 )Ko|det6|- fl ^(A w ( 5 )&- 1 ^) ! 

where 

/i = -e 2 = -n+i(fc-l). 

This is essentially the similitude analogue of the formula obtained by Kudla ([K]). However one can 
simplify it further by "absorbing away" the characters | det a 2 1 62 and | det b^ 1 in the regular representation 
realized in 5(Isom(Jf fc , Yfe)) by using the following lemma. 



Lemma A. 13. Let x be a character and a the representation of the group of elements of the form 
a 2 , 



([( * ) ,1], [b,g]) G P(X{_fe,X{) x Q(Yfe) realized on the space S(Isom(X' k , Yfe)) defined by 



a([(^ *J ,1],[6,. 9 ])^(A) = x (clct a2 ) x (det&)-V(Aw(.9)6- 1 A a2 ). 

T/ien a is equivalent to the representation a' realized on the same space S(Isom(XL Yfe)) defined by 

a'd^ 1 *J ,1],[6 )5 ]MA) = X (Aw(g))-V(Aw(5)6- 1 Aa 2 ). 

Proof. Define a map 5(Isom(Xj(., Yfe)) — > 5(Isom(X^., Yfe)) by (p (p, where is defined as 

^(A) = X (defcA) ¥ »(A). 

One can see that this map is an intertwining map from <r to <t'. □ 

By taking \ — I — 1 62 hi this lemma, one can see that the exponents e 2 and /i can be absorbed away, 
and the similitude factor \w{q) acts by the character | — where / = f' Q — ke 2 . The theorem follows. 
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